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Synopsis

Suppose that the output of a controlled process with an average of 2 defects per unit is divided into 
inspection lots of Al units and that a random sample of m units is inspected from each lot. A lot is accepted 
if the total number of defects found in the sample is less than or equal to c, otherwise the lot is rejected. 
The average probability of acceptance then becomes

c
= 2 e~ x

x = 0

for c = 0,1, . . ., 2 è 0 and m A 0. We assume that the costs of inspection, acceptance and rejection per 
unit are linear functions of 2 and that the observational unit has been chosen such that the break-even quality 
equals 1, i.e. a process with 2 A 1 should be accepted whereas for 2 > 1 it should be rejected. Finally it 
is assumed that 2 is a random variable with non-degenerate distribution function VV(2), the prior distribution.

The expected regret for a lot of M units may then be written in standardized form as
R(c,m,M) = mô + (31 - m) d(c,m) for 0 m g A/,

where d(c,m) represents the expected decision loss per unit, i.e.
1 00

d(c,m) = f (1 — 2) (1 — B(c,m2)) <HV(2) + I (2 - 1 ) B(c, m/.) d IV (2),
0 1

and Ô is a positive constant related to the sampling and inspection costs per unit. The Bayesian single sam
pling plan is defined as the plan minimizing R(c,m,M) with respect to (c,zn) taking into account that min 
R - R(M) should be compared with the costs of accepting (rejecting) without inspection.

In the first part of the paper the problem of determining the Bayesian plan is discussed for an arbi
trary prior distribution. The properties of d(c,m) and R(c,m,M) are derived and it is shown how the Bayesian 
plan may be constructed. It is proved that J?(A1), the minimum regret, is an increasing, continuous and piece- 
wise differentiable function of M with decreasing slope, and that the optimum acceptance number and the 
optimum sample size are increasing functions of Al.

In the second part of the paper the Bayesian plans are discussed for two important special cases, viz. 
for the two-point prior distribution and the gamma prior distribution. The exact solution is supplemented 
by an approximate solution derived from asymptotic expansions for Al -> oo. Finally it is shown that the 
Poisson solution may be used as a good approximation to the binomial solution under certain reasonable 
conditions.

For the two-point prior distribution the present paper supplements the results of a previous paper 
regarding the Bayesian plan in the binomial case, see Mat. Fys. Skr. Dan. Vid. Selsk. 3, No. 2, 1965.

The Appendix contains tables of Bayesian plans for the two types of prior distributions.
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1. Introduction and summary

Consider a problem with a choice between two decisions, acceptance and rejection, 
say, based on the observation of a Poisson distributed variable. Let 2 denote the 

mean occurrence rate per observational unit, i.e. 2 may denote the expected number 
of defects per unit by inspection of an industrial product. Suppose that the output 
of a controlled process with an average of 2 defects per unit is divided into inspection 
lots of M units and that a random sample of in units is inspected from each lot. A 
lot is accepted if the total number of defects found in the sample is less than or equal 
to c, the acceptance number, otherwise the lot is rejected. The average probability 
of acceptance then becomes

= 2 b(x,mX) = 2 e~
x = 0 x = 0

wl^(m2)x/æ!

fore = 0,1,..., 2 1 0 and m è 0. To shorten the notation we also write P(2) =B(c,m2) 
and Q(2) = 1 -P(2).

We assume that the costs of inspection, acceptance and rejection per unit are 
linear functions of 2 and, if the contrary is not explicitly stated, that the observational 
unit has been chosen such that the break-even quality equals 1, i.e. a process with 
2 1 should be accepted whereas for 2 > 1 it should be rejected.

Finally it is assumed that 2 is a random variable with non-degenerate distribu
tion function W(2), the prior distribution.

The expected regret for a lot of Af units may then be written in standardized 
form as

P(c,m,Af) = + (A/- m)d(c, m), 0 â in Af, (1)

where <7(c,m) represents the expected decision loss per unit, i.e.

B(c,/n2)}dW(2)
00

(2 - !)P(c,m2)dW(2),
i

(2)

and ô is a positive constant related to the sampling and inspection costs per unit.
The optimum or Bayesian single sampling plan is delined as the plan mini

mizing/?(c,m,Af) with respect to (c,m), taking into account that min/? = P(Af), say, 
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should be compared with the costs of accepting (rejecting) without inspection. Sampling 
shoidd be employed only if it leads to the cheaper solution.

In the paper the basic properties of the optimum plan are derived and a method 
for determining such plans is given. In the Appendix optimum plans are tabulated 
for two families of prior distributions, the two-point distribution and the gamma 
distribution. A general procedure for tabulating the optimum plans has been devel
oped as a FORTRAN program and may be obtained from the authors.

The Poisson solution gives an approximation to the corresponding binomial 
solution delined by minimizing the regret function 

Rb(c, n,N) = ndi (P -Pr)P(p)t/F(p) (3)

where N denotes lot size, n sample size, c the acceptance number, pr the break-even 
fraction defective and 7->(p) = B(c,n,p") the cumulative binomial distribution.

Writting M = Npr, m = npr, X = p/pr and B(c,n,p') ~ B(c,np} = B(c,inÅ) it 
follows that R(c,m,M) may be obtained as the limit of Rb(c,n,N) for pr 0 and 
zi -> oo keeping m = npr fixed, see Hald (1968b).

In the first part of the paper, Sections 2-8, the problem is discussed for an 
arbitrary prior distribution. The properties of d(c,zzz) and 7?(c,zn,37) are derived and 
it is shown how the optimum plan may be constructed as a function of M. It is proved 
that the minimum regret, 7? (37), is increasing and concave, i.e. R(M) is an increasing, 
continuous and piecewise differentiable function of M with decreasing slope, and that 
the optimum acceptance number and the optimum sample size are increasing func
tions of M.

In Section 9 the solution is discussed for a two-point prior distribution. Choosing 
a convenient normalization the regret function may be written as

R*(c,m,M) = in + (37 — nz)(yi(l — 77(c, zn)) + y?B(c, rin)},

which means that the solution depends on the four parameters 37, 71, yz and r. It is 
shown that the optimum plan for (37,71,72, r) is approximately equal to the optimum 
plan for (3/71,1,72/71, r). Therefore, optimum plans are tabulated for 71 = 1 only. 
The asymptotic solution for M -> 00 is given and it is shown how to use the asymp
totic formulas to obtain approximations to the exact solution. Tables of auxiliary 
constants are given in the Appendix. Asymptotically, m is a linear function of In37 — 
31nln3/and c is a linear function of m. Finally, it is shown that the Poisson solution 
may be used as a good approximation to the binomial solution if the break-even 
quality, pr, is less than 0.05 and r = pzjpi > 3. Even for pr as large as 0.10 the Pois
son approximation will be good for r > 5. A similar system of sampling plans has 
been discussed by Westerberg (1964).
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Section 10 contains a discussion of the solution for a gamma prior distribution 
with scale parameter 1/r and shape parameter s, i.e. expectation Å = s/r. The optimum 
plan depends on four parameters (3/,As,s,A), where As represents the costs of sampling 
inspection divided by the costs of accepting a unit of break-even quality. The case 
As = 1 corresponds to rectifying inspection. It is shown that the optimum plan for 
(3/,As,.$-,A) is approximately equal to the optimum plan for (3/ *,1 ,s,Ä) where 3/* = 
3/(1 - Ao)/(AS - Ao), Ao being an auxiliary constant depending on the prior distribu
tion. Therefore, optimum plans have been tabulated for As = 1 only. The asymptotic 
solution for 3/ -> oo is discussed and used to obtain an approximation to the exact 
solution. Tables of auxiliary constants are given in the Appendix. Asymptotically, m 
is a linear function of 1/3/ and c is a linear function of m.

The Appendix contains tables of the optimum plans for the two types of prior 
distributions, the two-point distribution and the gamma distribution.

Throughout the paper we shall reserve the variables ,r, c, m and 3/ to denote 
number of defects in the sample, acceptance number, sample size and lot size, re
spectively. Unless otherwise specified the range of these variables will be x = 0,1,2, 
. . . ., c = 0,1,2,...., 0 â in < oo, and 0 3/ < oo.

We shall let A denote the usual forward difference operator, /l/'(.r) = /’(.r +1) - 
/■(.r). Differentiation with respect to m will be denoted by a prime when convenient, 
differentiation with respect to lot size will be indicated by I), Z)+ or Z)_.

2. The mixed Poisson distribution and the posterior distribution of A

The mixed Poisson distribution is defined as
00

bw(.r,m) = J* ô(æ, mA)dW(A) for x = 0,1,. . . . and m 0. (4)

o

It represents the marginal probability of getting x defects in a sample of m units, 
A being a random variable with distribution function W(A). We shall assume that all 
moments of the distribution W(A) are finite.

The posterior distribution of A, i.e. the distribution of A, given .r and m, may 
be found from

dP(A|.r, m) = b(x,mX)dW{X)lbw(x,ni) for m > 0. (5)

For m = 0 the posterior distribution is defined by continuity as
oo

dP(Å læ,0) = A*dW(A)/f A*dW(A).

o
The rth moment becomes
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E(Xr\x, ni)

For in > 0 we find
(x + r)(r) hw(x + r,m)

E(År \x, ni) =
mr bw(x,m)

where ,r(r) = ,r(.r - 1 ) ... (x - r + 1).
Setting E(Å\x,ni) = /i(x,ni), we gel

such that
E(År\x, m) = ]li(x, ni) /((x + 1,/n). . .//(.r + r — 1,n?).

(7)

(8)

We note that a scale transformation of z in the prior distribution induces a scale 
transformation of the inspection unit. Put WZ«(A) = W(od) for a > 0 and let Pa denote 
the posterior distribution corresponding to IUa(Â). Using (5) we find

Pa(Å*\x,am) =

and, consequently,

Â* 00

J b(x,amÅ)dW(aÅ)/b(x,amX)dW(aX) = P(aX*\x,m)

o o

r///a(.r, am) = /.i(x,m)

with /ia(x,m) denoting the posterior mean corresponding to the prior distribution VPa. 
In the following lemmas we shall study the properties of the posterior mean.

Lemma 1. Let the prior distribution be non-degenerate. The posterior mean, /,i(x,ni), 
is then an increasing function of x and a differentiable, decreasing function of m.

Proof. The assumption implies that the posterior distribution P(Å\x,m) is non-de
generate. Hence we have that F(2|.r,/n) = E(Å2\x,m) - (/i(x,m))2 > 0. Since ]n(x,m) 
> 0 we obtain by means of (8) that //(.r +l,m) > //(.r,/n).

From (7) we tind that /.i(x,ni) is differentiable with derivative

//'(.r, n?) = — E(Å2\x,m) + (//(rc, ;n))2 = — U(z | x, in) < 0,

which shows that //(.r,rn) is a decreasing function of m.
An example has been shown in Figs. 1 and 2.
In the determination of the optimal sampling plans we shall be particularly 

concerned with samples yielding a posterior mean equal to some specified break
even value. In view of (10) it suffices to discuss the case where the break-even value
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Fig. 1. /z(.r,m) for a two-point prior distribution with Âp = 0.5, Z-? = 1.5 and = 0.8.

Fig. 2. for a two-point prior distribution with Z[ = 0.5, Â2 = 1-5 and «>1 = 0.8.
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is equal to 1, say. The following lemma gives the basic properties of the solution to 
the equation /i(x,in) = 1.

Lemma 2. Let W(2) be such that W(l) < 1 and EX < 1.
A. Let c0(m) denote the largest value of x, x = 0,1,. . satisfying //(.rpn) g 1. Then 
co(in) is non-decreasing.
B. Let n?o(c) denote the smallest value of in satisfying /i(c,m) g 1. Then ???o(c) = 0 
for c co and /??o(c) is increasing for c > co, where co = co(O).

We remark that the definitions lead to the two relations

//(co(/?? ),??? ) 1 < /i(co(m) + 1,77?)
and

//(c,/77o(c)) = 1 for c > Co-

Proof. Let 2* belong to the spectrum of IV(2). If .r -> oo and m -> oo such that x/m 2* 
then it follows from the law of large numbers for posterior distributions that 
//(.r,???) -> 2*.

Since W(l) < 1 there exists a 2* > 1 belonging to the spectrum of IV. Hence, 
for 777* sufficiently large there exists an integer .r* = [zn*2*J, [ ] denoting “the integral 
part of”, such that fi(x':,in:') > 1, and since /i(x,m) is a decreasing function of 77? 
we have

//(.r*, 77?) > /?(.r*, ???*) > 1 for m < m*.
As

//((),71?) g //((),()) = EX < 1 (1 1)
we finally get

^(0,77?) < 1 < «(.I'*, 77?) fol- 77? < 77?*,

which proves the existence of co(/z?) since //(.r,/i?) is an increasing function of .r. The 
monotonicity of co(/??) follows from the monotonicity of /i(x,m).

To prove the existence of nio(c) we proceed analogously. For 2* < 1 in the 
spectrum of IV we may choose /??* sufficiently large such that //(.r*,n?*) < 1, where 
.r* = [77?*2*] > c. Hence, //(c,rn*) < 1 and thus ?7?o(c) is well-defined. By definition 
?7?o(c) is non-negative. For c â co we have /770(e) = 0 since //(c,0) g 1. For c > co 
we note that z??o(c) is the solution to the equation //(c,n?) = 1 which shows that /??o(c) 
is increasing.

An example has been shown in Fig. 3. We note that co(???) is a natural extension 
of the inverse function of ti?o(c) since co(n?o(c)) = c for c co. Moreover the relation 
???o(c) = min {7??: co(??z) = c} for c è co shows that ???o(co(m)) ???, see Fig. 3.

We shall particularly study two examples.
Let IV(2) be a two-point distribution, characterized by the parameters (21,22, 

7Z7i,zz;2), 0 < 2i < 1 < 22, and 7771 + iu2 = 1. We then have
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bz(x,m) = wi b(x,mXi) + ivzb(x,mkz),

and
E(7.) = 27217.1 +U72Â2

iPje + U72e m^Å2

= X1 + (7.2 - 7.1)

We remark that Ài g //(.r,/?;)
The condition /<(x,in) 1

7.2 .
is equivalent to

which leads to

Co(/77) =

In
z/;2(Â2 - 1) 
u?i(l - Ai)

< 727(7.9 — 7.1),

0 for 777 < (Â2-Âi)_1ln
W2(^2 - 1)
7721(1 - 71)

77?(7.2 — 7.1) — ln
7772(^2— 1)1 7.2
7721(1 - 7,1)| Â1

otherwise

(12)

and
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m0(c) =

1
7.2 ~ ^1

I IV2(/.2~1) 
ln

zpi(1 - 2.1)

O

for c > ro

otherwise.

(13)

As another example we shall let W(7.) be a gamma distribution with parameters
(.s,r) where .s < r, i.e. 

so that /s(2) = s/r < 1,
dW(z) = ^(U)*“1^)//^), (14)

I\s + x) ts mx 
r(s)r(.v + \ ) (r + m)s+x

(15)

and
s + x

//(.r,/n) = ------- .
r + m

(16)

It is seen from (16) that the parameters s and t may be interpreted as the number
of defects, s, in T units (observed a priori) and that these numbers combine
additively with .r and m in determining the posterior mean. 

From (16) we find
c0(m) = [m + T - s]

and
[ c + s - T for c > [r - s] 

fflo(c) = <
| 0 otherwise.

(17)

(18)

For a general discussion of the mixed Poisson distribution the reader is referred
to the monograph by Lundberg (1940, 1964).

3. The model
Let the cost of sampling inspection, acceptance and rejection per unit of product 

be Å’s(2) = Si + S2Â, Â’a(z) = Ai + A2z and Ây(2) = Z?i + respectively. The coef
ficients are assumed to be non-negative, and the break-even quality, defined as solu
tion to the equation Â-a(2) = Â-r(z), is supposed to be equal to 1, if the contrary is 
not explicity stated, i.e. /?i - Ai = A2-S2, where Ri > Ai 0 and A2 > 7?2 = 0. 
This may always be achieved by a suitable choice of observational unit. Hence, a 
process with mean occurrence rate of defects less than or equal to 1 should be ac
cepted whereas for z > 1 the process should be rejected.

We shall also assume that Si è 7?i and S2 Z?2 so that À’s(2) Åy(2).
Taking the prior distribution W(A) into account we find that the expected cost 

of accepting a lot of 4/ units is 4/A’a(2) and the expected cost of rejection is 4/Åv(z), 
where 2 = L(2). We shall assume that 2 < 1 so that on the average it is cheaper to
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accept than to reject a lot. We shall further exclude the trivial case W(l) = 1, since 
in this case all lots should be accepted.

The minimum (unavoidable) costs per unit are composed of acceptance costs 
for 2^1 and rejection costs for z > 1, i.e.

00

(19)
0 10

By sampling inspection we inspect a random sample of in units out of a lot 
of M units, where 0 < in < M. If the number of defects observed is less Ilian or equal 
to c, the remainder of the lot is accepted, otherwise it is rejected. The expected cost 
for this procedure becomes

00

K = mÅ-s(Å) + (M - m) {A-a(Â)P(Â) + Â-r(Â) Q(Â)}dW(z)
o

where P(Â) = B(c,mX) and Q(z) = 1 - P(z). The optimum sampling plan is de
termined by minimizing K with respect to (c,m). Il will be shown that the minimum 
exists. If min K < 3/À’a(Â) sampling inspection is preferred, otherwise acceptance 
without inspection should be used.

In the following discussion of the decision procedure we shall use decision (or 
opportunity) losses rather than costs. We therefore introduce the difference

K - Mko = m{ks(k) - ko}

(20)

o i

Instead of minimizing K we may just as well minimize the expected (stan
dardized) regret to find the optimum procedure. The expected regret is defined as

(21)

By proper standardization we have thus transformed the original problem to 
one with the special cost functions 7»a(z) = /. and À>(2) = 1. To simplify R we introduce

00i

(22)
o 1

the minimum costs for the special cost functions, and

<5 = — Âo = {À's(Â) — ko}/(A-2 — P?),

o

(23)
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which leads to

We note that

and

/.s- = {Si — Ai + (So — ^a)z}/(A2 — /(2)

1 + {^S(Â) - Â-r(l)}/(A2 - 7?2) 1.

do - Zo =

1

I (1 - Â)dW(Â) > 0

z - Ao

00

J (z - 1 ) dW(z) > 0

i

(24)

(25)

represent lhe (standardized) loss per item for the two singular decisions, viz. rejection 
without inspection and acceptance without inspection.

From (20), (21) and (23) we lind 

where

R(c,in,M) = må 1(4/ -in) d(c,m) for 0 < ni < M,

d(c,m)

1 00

J (1 - A)(>(2)</ir(z) + f

0 1

(2-l)F(z)dW(z).

(26)

(27)

Since |z-l| represents the standardized (opportunity) loss, and 
the acceptance probability (the operating characteristic), d(c,m) gives 
decision loss per unit.

Using (25) we find

d(c,in) =
00

do - f (1 -Â)P(Â)dW(Â),

o

P(z) denotes 
the expected

(28)

where do is independent of the sampling plan. Introducing lhe posterior distribution 
of Â in the last term of (28) we get

(1 - 2)P(2)dlF(Â) = 2 t1 - /<(*, m)}bw(x,m). (29)
# — 0

0

Putting m = 0 in (28) we find
00

c/(c, 0) = d0-J(1 -2)dW(2) = A-Ao, (30)

o

such that the regret for acceptance without inspection is
00

P«(4/) = M J (Â-l)dW(z) = 4/c/(c, 0) = P(c,0,4/).

i
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Letting in -+ oo in (28) we get

d(c,o°) = ôo, (31)

which shows that the regret for rejection without inspection is
i

Rr(M) = -A)dW(A) = J/t/(c,oo).
o

Sampling inspection is preferred if minR < Ra(M).
c^O, m> 0

The model has the important property that the expected regret (26) for a fixed 
sampling plan say, is a linear function of M for m < M. To simplify the sub
sequent discussion of the optimal sampling plan we shall formally extend the domain 
of definition for R by setting

R(c,in,M') = Mb for 0 g M in. (32)

Using this convention the regret becomes a continuous function of M for 
0 â M < cc, consisting of two linear segments. We shall now prove that R(c,in,M) 
is concave, i.e. we shall prove that d(c,zn) d.

From (28) we find that the derivative of d(c,zn) is
00

d'(c,iri) = f (1 — A)Aô(c, znA)G?W(A)

o
= bw(c,in)E(/. - Â2\c,in)

= bw(c,m)/i(c,in){l - //(c + l,zn)}.

(33)

Combing (33) with the result stated in Lemma 1, it is easily seen that z/(c,zzi) 
is decreasing for 0 zn â mo(c + 1) and that z7(c,zzz) is increasing for nio(c + 1) zzi. 
If zz?o(c +1) = 0, the statement simply means that z/(c,zn) is increasing. Consequently

<7(c, zn) g max {d(c, 0), d(c, oo)}

= max{Ä - Ao, 1 - Ao} = do b,

where the last inequality follows from (23) and (24). In Section 4 we shall give a 
more detailed discussion of d(c,zn).

For any sampling plan the regret is thus a concave function of M consisting 
of two linear segments intersecting at the point (zn,dzn). For in = 0 the regret is the 
linear function 7?a(M) = Tf(A - Ao), corresponding to acceptance without inspection.

It should be noted that with the extended definition given above /?(c,zn,Af) is 
defined for c = 0,1,. . ., 0 in < oo and 0 M < oo.

As mentioned in Section 1 the model may be considered as a limiting case of the 
binomial model which has been discussed previously, see Hald (1960, 1967 a, 1968 b).

| (34)



16 Nr. 7

4. The expected decision loss per unit
Theorem 1.
A. For c < co and in > 0 we have d'(c,in) > 0 and dd(c,zz?) < 0.
B. For c è co and m > 0 we have d'(c,m) 0 for in > zz?o(c 4- 1). Further Ad(c,in)
> () for c ä co(zzi) and Ad(c,ni) â () for c < co(m) with strict inequality holding ex
cept for in = n?o(c +1 )•
C. d(c,0) = Â — Ao, d'(0,0) = Ä - EA2 and d'(c,0) = 0 for c > 0.

Pr oof. We shall first prove the properties of d'(c,m). From (33) we have d'(c,in) 
bw(c,in) /z(c,zn){l —/z(c 4- l,in)} so that for in > 0

d'(c,m) > 0 for /z(c 4-l,zn) = 1.

For c < co we have g(c + l,zn) //(co,zn) < /z(cq,0) according to Lemma 1.
Furthermore, the definition of co implies that //(co,O) â 1, and hence we have 
/z(c4-l,zzi) < 1, which shows that d'(c,m) > 0. For c co and in > 0 we find 
fi(c + 1, in) ' 1 for in A nio(c + 1) and consequently d'(c,in) 0 for in = nio(c + 1).

For in = 0 we note that bw(c,m) = 0 except in the case c = 0 where bw((),0) = 1. 
Using (7) we find //((),0){l —//(l,0)} = Ä — EA2 which proves the last statement re
garding d'(c,m).

Since CO

Ad(c,ni) = f (A — l)ô(c+ l,zziA)dW(A)

o (35)

- bw(c + 1, in) {//(c + 1, in) - 1},

the statements regarding Ad(c,ni) are proved analogously. We remark that (35) and 
(33) lead to Ad(c,m) = — d'(c,m) m/(c +1), and hence Ad(c,m) and d'(c,in) have 
opposite signs. This concludes I he proof.

As immediate consequences of the theorem we find that min r/(c,m) = d(co(in),ni) 
c

and mind(c,m) = d(c,zno(c + 1))- These results are intuitively reasonable since co(zzi) 
m

and nio(c) are the values of c and in, respectively, yielding a posterior mean close to 
the break-even quality.

We shall prove that mind(c,zn) = d(co(m),in) is a decreasing and continuous 
c

function of in which is differentiable except for in = nio(c), c = co 4- 1, co+ 2,..., 
see Fig. 4. Let us first consider the open intervals nio(c) < in < nio(c + 1) for c è co. 
We then have Co(zzi) = c, and accordingly we find that minc/(.r,m) = d(c,m) which

X 
d

is differentiable. Hence— mind(.r,zzi) = d (c,in) which is negative since in < n?o(c + 1). 
dm x

Next we consider the endpoints m = zzio(c). For c > co and in f zzio(c) we have 
d .

mind(æ,m) -> d(c —l,zno(c)) and — mind(.r,in) -> d (c — l,mo(c)) = 0. For m f zno(c) 
x din x
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Fig. 4. d(c,m) for a two-point prior distribution with Ai = 0.5, Zo = 1.5 and u>i = 0.8.

with c è co we get mind(x,m) -> d(c,mo(cy) and —mind(æ,m) -> d'(c,mo(c)). Since 
x dm x

d(c — l,z;?o(c)) = d(c,zno(c)) the statement is proved.
To study d(c,m) further we also investigate c?"(c,m). For m > 0 we find b\c,nd)

= cirr1 b(c,mty - (c + 1) m~l b(c + 1 ,/nÂ), such that
00

0
d" (c, m) Â)zfr(c, ml) dW (Â)

- (c 1, mÂ)dIV(;.)

= cm 1 d\c,m) - (c + Xymr1 d'(c + ^m).

(36)

For m = 0 we find

rf"(c,0) =
Bz3 - Fz2
Ez2 - Ez3
0

for c = 0
for c = 1
for c > 1

For m = mo(c + 1) and c è c0, we have by Theorem 1 
Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 7.

(37)

2
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(7"(c, n?) = - (c + 1 )m~ld'(c 4- 1, m) > O,

which shows that d(c,m) is convex in the neighbourhood of mo(c + 1).
Consider the interval where d’(c,m) < 0, i.e. 0 < m < mo(c + 1). In Section 6 

we use the assumption that d"(c,n?) changes sign at most once in this interval and that 
log ( — d'(c,n?)) is concave in the subinterval where d(c,m) is concave, i.e. {log(- </')}" 
< 0 if d" < 0. We have not succeeded in finding general conditions for this to be 
true. For the two examples previously discussed, however, d(c,m) has the property 
required, as will be shown below. We shall use the notation

d
l(c,m) = — log(-d'(c,?2?)) =-- d"(c, in)/d'(c, in).

dm

For the two-point prior distribution we find for 0 < in < m0(c +1) and c è co

-d'(c,m) = - + - 21)exp(-72ÎÂJ [exp{(Â2 - Â1)(m0(c + 1) - n?)} - 1], (38)
c!

and consequently
c (z2 - z1)2exp[(z2 - z1)(/2?0(c + 1 ) - 72?)}

I ( c, m ) =---------- ---------------------------------------------------—
T222 [exp{(;2 - ^)(in0(c + 1 ) - 72?)} - 1]“

which is negative. We have thus proved that log(- d'(c,m)) is concave in (O,/2<o(c + O)- 
Since l(c,m) = d"/d' it is easily verified that d"(c,in) changes sign at most once for 
0 < 722 < mo(c + 1 ).

For the gamma prior we find from (33), (15) and (16)

- d' (c, in)

and accordingly

F(s + c -i- 1 ) xs mc f.s + c i 1 
F(.s)P(c + 1 ) (x -t- m)s + c + 1 I x + m

„ . mo(c + 1) + T + 1 1 c
/(c, m) = - ■ —-------------------------- ----------------- f- —,

72? + X mo(c + 1 ) — 77? 77?
which may be written as

(.S + 1 )(/??- 77?')(/7? - 77?” ) 
/(C, 72?) = -- --------- -  - - -,

722 ( 72? + t)(?2?o(c + 1 ) - 77?)

(39)

(40)

GO

where 77?' and 72?" denote the roots of the second degree polynomial in the numerator. 
Il is easy to verify that both roots are positive.

From (40) it follows that Z(c,O+) = + 00 and Z(c,/z?o(c + 1)) = - co. Hence, 
l(c,nï) equals zero an odd number of times in (O,n?o(c + 1)). However, since (41) 
shows that l(c,m) equals zero exactly two times in (0,co), we must have 72?' < mo(c + 1) 
< 77?”, which shows that gZ”(c, 77?) changes sign exactly once in (O,?2?o(c+ 1)).
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Consider now l(c,in) for 0 < in < in'. Logarithmic differentiation of (41) gives 

I'11 = - (m' - m)~1 - (m" - m)_1 - nr1 - (in + r)~ 1 + (mo(c + 1) - zn)-1.

Since m'- m < ino(c + 1 ) - in we have that I'/l < 0, and as I(c,in) > 0 we 
get l'(c,m) < 0, showing that log(-d'(c,zn)) is concave for 0 < in < in', which is 
the interval where d(c,in) is concave.

5. The regret as function of the acceptance number

Suppose that the sample size has been decided upon so that the problem is to 
determine the value of c minimizing /?(c,zzi,37) for given m and M with 0 < m < M. 
(If m = 0 or m M the regret is independent of c, and the optimization problem 
admits any solution).

From (26) we find for 0 < in < M that

AR(c,m,M) = (M - iri)Ad(c,in), (42)

reflecting the fact that the regret depends on the acceptance number only through 
the decision loss, d(c,m) which is independent of M. The optimal acceptance number 
will therefore be independent of lot size. Moreover, for co(zn) > 0 we find from The
orem 1 that d(c,m) is decreasing as function of c for c < co(in) and increasing for 
c > co(m). For co(ni) = 0 we find analogously that d(c,m) is increasing.

Thus, using (42) and Theorem 1 we get

Theorem 2.
A. For fixed (m,M) and 0 < in < M we have

min R(c,in,M) = R(co(m),m,M'), (43)
c

where co(m) is defined in Lemma 2 and c0(m) è co. R(c,m,M) is an increasing func
tion of c if co(in) = 0, whereas R is first decreasing and then increasing if co(zn) > 0. 
For in = mo(co(/n) + 1), i.e. fi(c0(m) + l,zn) = 1, we have 7?(c0(m),zn,M) = 7?(c0(zn) + 
l,zn,M), otherwise the representation (43) is unique.

B. For m = 0 and M m the regret is independent of c.
The optimal acceptance number is thus given by co(zn), which is a non-de

creasing function of in, see Lemma 2. Accordingly, the set of possible sample sizes, 
0 < in < M, is divided into consecutive intervals by the condition co(zn) = c, c = co, 
co + 1,. . the division points being m = n?o(c), c = co.co + 1,. .. . For zzio(c) m < 
ino(c + 1) the optimal acceptance number is c.

2*
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6. The regret as function of the sample size

In the discussion of inf 7?(c,rn,3/) in the present section we shall make use of
VI

the fact that R is a concave function of M for 0 â 37 < oo. Most of the statements 
regarding the properties of the minimum regret arc based on well-known results 
from the theory of concave functions and are therefore given without proofs. The 
reader is referred to any standard textbook on convex analysis. Our terminology 
will follow the monograph of Rockafeller (1970). We shall define

R(c,M) = infT?(c,7??,37). (44)
m

Theorem 3. Let c be fixed and let R(c,M) be defined by (44). Then we have

A. 7?(c,37) is an increasing and concave function of M.

B. There exists at least one value of in, in = m(c,37) say, satisfying R(c,in,M) = R(c,M). 
For any version of in(c,M) we have rn(c,37) = 0 for c < co and 0 in(c,M) < nio(c + 1) 
for c è co- If n?(c,37) > 0 then R(c,in,M) has a local minimum for in =

C. D~R(c,M) and D+R(c,M) both exist and are non-increasing functions of M. Further
more we have

(7(c,m(c,37-)) = D~R(c,M) è <7(c,7ti(c,37)) è D+R(c,M) = d(c,m(c,M+')) (45)

with equality signs holding except for at most countably many values of M.

I). 2??(c,37) is a non-decreasing function of M.

Proof. A. Since, for any m, the function R(c,in,M) is concave it follows that the 
pointwise infimum is again a concave function, defined for 0 M < oo. Therefore, 
R(c,M) is continuos. That R(c,M) is increasing follows from (45) since d(e,m) > 0.

B. Consider now R(c,m,M) as function of in. We note that R is differentiable for 
0 < y?? < M and R(c,m,M') = R(c,M,M) for 77? è 37. Hence, the infimum is attained 
for al least one value of 77? in the interval 0 722 ê M. Moreover, from (30) and (32)
we find

77(c,0,37) = 37(Â - 2o) < Mô = R(c,M,M),

and hence min 7? (c,77?,37) is attained either at the leftmost boundary, 77? = 0, cor
responding to acceptance without inspection, or at a point 0 < 22? < 37 yielding a 
local minimum for R. Differentiating (26) with respect to in we find

R'(c,m,M) = ô - d(c,in) + (37 - m)d'(c,iri) (46)

with d'(c,m) given in (33). For c < co we have d'(c.,in) > 0 by Theorem 1. Moreover 
(34) shows that <5 - d(c,m) è 0 and hence R is increasing. Accordingly, in the case 
c < co we find that the minimum is attained for m = 0.
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Fig. 5. jR(c,zn,M) for a two-point prior distribution with Ài = 0.5, Â2 = 1-5 and u>i = 0.8. 
M = 30 and ô = 0.5.

Assume now that c co and M > mo(c + 1). (If M â 77io(c + 1) it is clear that 
0 2= m(c,M) < mo(c + 1) since min/? is attained for 0 < m < J/). From Theorem 1 
we find d'(c,m) > 0 for m > mo(c+l) which shows that Ii is non-decreasing for 
nt > 727o(c + 1), see Figure 5. Thus we have 0 7n(c,M) < 77?o(c + 1).

C. We first note that since /?(c,2l/) is concave we have

/)-/?(c,.W) Z)+/?(c,M), (47)

where both derivatives exist and are finite, non-increasing functions of M. Moreover, 
the equality sign holds except for countably many values of M.

Let now Mi be arbitrary, but fixed, and let mi = m(c,Mi) for some version of 
m(c,M). Since R(c,M') is the minimal regret we have

Ômi + (4/ - 7771) </(c,7771) /?(c,.l/) (48)
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with equality sign holding for M = Mi. Hence, the line determined by the left-hand 
side of (48) is a line of support for (he function 7?(c,3f). Accordingly we have that 
d(c,ni(c,3f)) is a subgradient of 7?(c,3/) which implies (45).

D. Finally, since d(c,/n) is decreasing and since the composite function d(c,m(c,M)) 
is non-increasing we find that m(c,M) is non-decreasing which completes the proof 
of the theorem.

We remark that m(c,M) is uniquely determined except for al most countably 
many values of M. Moreover, in most cases m(c,M) will have only one point of am
biguity, viz. for the value of M where the regret for acceptance without inspection 
equals the local minimum of R(c,m,M), see Fig. 6.

For the two cases discussed previously the following corollary applies.

Corollary 1. Let c è co and 0 < in < mo(c + 1). If d"(c,zn) changes sign at most 
once and if {log(-f/'(c,7ii))}" < 0 in the subinterval where d"(c,m) < 0 then 7?(c,3f) 
is differentiable except for at most one value of M satisfying

7?(c,37) = R(c,O,M) = R(c,m,M) (49)

for some in, 0 < m < mo(c + 1).

Proof. It suffices to prove that 7ii(c,37) is unique and continuous except for at most 
one value of 37. The differentiability will then follow from (45). Since, by the theorem, 
any version of in(c,M) is non-decreasing it follows that we cannot have ni(c,37i) > 0 
and 711(0,3/2) = 9 for Mi < 3/2- Thus, if for some Mi the minimal regret corresponds 
to a local minimum then this will be true for any M > Mi. Hence, it suffices to prove 
that the value of in leading to a local minimum, if it exists, is a unique continuous 
function of M. We shall therefore discuss the determination of the local minimum 
of R.

R(c,m,M) has a local minimum for m = im if and only if R'(c,ini ,M) = 0 and 
R' is increasing in the neighbourhood of 71? 1. For 0 < 77? < ino(c + 1 ) we have d'(c,m) < (1 
and we may therefore write (46) as

R'(c,m,M~) = - d'(c, 77i)(F(c, 777) - 3/), (50)
where

F(c,m) = m — {ô — d(c,m)}ld'(c,in) for 0 < 771 < nio(c + 1). (51)

A typical graph of F(c,tti) has been given in Fig. 7. We note that since d'(c,zn) 4 0 
for in t 7i?o(c +1) we have F(c,m) -> 00 for m 4 mo(c +1).

Differentiating (51) with respect to 777 we find

F'(c,Tn) = 2 + d"(c,m){ô - d(c,7?i)}/(c/'(c,ni))2. (52)

We shall show that under the assumptions of the corollary F' will have al most 
one change of sign.
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From (52) we see that F'(c,m) > 0 if ff"(c,Z7?) è 0. For d"(c,m) < 0 we have

F'(c,m) = d"(c,in) Zi(c,zz?)/(z/'(c,z7?))2, (53)
where

Zi(c,m) = 2 (<7'(c,z7?))2/c/"(z‘,z7z) 4 5 - d(c,zzz)
and

Z'i(c,z?z) = d\c,m}{3{d"(c,nd)Y -'Id'^cjn^d" (54)

By assumption we have that {log(-d'(c,m'))}" < 0 so that

(cZ"(c,zzz))2 - d'(c,m) d" '(c,m) > 0 
which leads to

3 (cZ"(c,77z))2 — 2cZ'(c,777) (Z"'(c,Z7z) > 0.

Since d'(c,m) < 0 it follows from (54) that Zi is decreasing and therefore Zi 
and F' will equal zero at most once in the interval where d" < 0.

Combining the results for d" < 0 and d" 1 0 we find that F has at most two 
intervals of monotonicity which means that the equation

M = F(c,zz?) (55)

will have at most two solutions in the interval 0 < zzz < mo(c + 1). Consequently we 
find from (50) that 7?' equals zero at most two times, corresponding to the two solu
tions of (55).

Differentiating (50) we find

R"(c,m,M) = - d"(c,m)(F(c,ni) - 47) - d'(c,m)F'(c,m). (56)

Let now zz?i satisfy 7?'(c,zzii,M) = 0, i.e. M = F(c,zz?i). From (56) it then follows 
that F"(c,zzzi,47) > 0 if and only if F'(c,z7?i) > 0 which shows that only (z7?,4f) com
binations corresponding to the increasing arc of F(c,ztz) will yield a local minimum 
of R. Hence, the local minimum is unique and moreover, the sample size leading 
to the local minimum is a continuous function of the lot size determined by the increas
ing arc of the graph of F(c,m) for 0 < m < Z7?o(c + 1). It is easy to verify that the 
point where F'(c,m) = 0 does not give a local minimum for R.

We conclude this section with a simple remark on the asymptotic properties of 
7?(c,47).

Corollary 2. Let c co and let 47 -+ oo. Then

lim7?(c,47)/47 = lim/)~F(c,47) = Iim7)+F(c,47) cZ(c,z7?o(c + 1)),

where all limits exist and are finite.

Proof. The proof follows from the asymptotic theory of concave functions noting 
that the directions of recession of 7?(c,47) are bounded by cZ(c,/7?o(c 4 1)).
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7. The minimal regret and the optimal sampling plan

In this section we shall show that R(M) = min R(c,M) is composed of successive 
c

segments of the functions R(c,M) corresponding to increasing values of c.
From the theorem on the minimum of concave functions it follows immediately 

that 7?(Jf) is concave and hence continuous and differentiable except for at most 
countably many values of M. However, to give a description of f?(Af) in terms of the 
known functions we shall use a more constructive approach. Let

R°(c,M) = min R(i,M) for c = 0,1,2,... (57)
i ^.c

For fixed Af it is obvious that 7?°(c,Af) is non-increasing with c. Moreover we 
have Ro(c,M) -+ R(M) for c -> oo. The following shows how /?° may be constructed.

Lemma 3. Let
R(c + l,Af) < R°(c,M) (58)

for some Af. Then (58) holds for an open half-line 3/c + o.5 < Af < oo, say. Moreover, 
for any version of m(c + l,Af) we have m(c +1 ,M) > ino(c + 1) for Af > A/c + 0.5-

Proof. Assume that (58) holds for Af = Afi and let mi = m(c+ l,Afi) for some 
version of m(c + 1,M). It is easily verified that mi > 0. From (58) we find

R(c+ l,mi,Mi) < 7?°(c,Afi) g f?(c,7z?i ,3fi)

which according to (42) leads to Zlt/(c,mi) < 0. It then follows from Theorem 1 that 
c < co(mi) or, equivalently, that zno( c+1) < mi such that

t/(c + 1,77?1) < d(c+ 1 , 72?o(c + 1)) = d(c,mo(c + 1)).

Moreover, Corrollary 2 to Theorem 3 implies that D+R°(c,M) â tZ(c,77?o(c + 1 )) 
which combined with the result above gives

I)+R(c,AI) > d(c+l,n?i) = <f(c + l,zn(c + l,Afi)).

Using the fact that m(c+l,Af) is non-decreasing, see Theorem 3, and that 
d(c + 1,77?) is decreasing for rn < mo(c + 2) we get

f)+R°(c,Af) > d(c + l,7??(c+ 1,M)) D+R(c + 1,M) for Afi < Af.

Hence D+(R°(c,M) - R(c + l,Af)) > 0 for Ah < Al so that

R°(c,Al) - R(c + l,Af) > R°(c,Ah) ~ R(c + l,A/i) > 0.
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J/c + o.5 = inf{3Z: R(c 1,3/) < R°(c,M )}.

In view of the lemma we may extend the discussion in Section 6 to cover the 
minimal regret, 7?(3f).

Theorem 4. R(3/) is an increasing and concave function of M. The equation 
R(c,m,M) = R(M) admits a solution c = cM,m = where cM and
are non-decreasing and continuous except for at most countably many values of 
3/. The one-sided derivatives of R(M) exist and are non-increasing functions of M 
satisfying I)~R(M) c/(cM,m(cM,A/)) J)+R(J\f) with equality signs holding except
for at most countably many values of M.

Proof. Successive applications of Lemma 3 for c = 0,1,2,... show that R°(c,M) is 
composed of consecutive parts of R(i,M), i = 0,1,2,. . ., c. The theorem then follows 
from Theorem 3.

It is obvious that cm is not uniquely defined in its discontinuity points. However, 
since the minimal regret is a continuous function of 3/ we are free to choose any version 
of cm without affecting the regret.

We note that Lemma 3 implies tï?o(cm) It follows that

(59) 
and

<3m0(cM) A(M),

(60)

which gives an upper bound for the optimal acceptance number corresponding to 
any given lot size. Thus, to obtain the optimal sampling plan we need only consider 
a limited number of e-values. If, e.g. we want to determine R(M) for 3/ < 3/0, we may 
successively determine /?°(c,3f) for M < 3/0 and c = 0,1,2,. . . and stop the process 
when the condition 

(61)
is met.

A typical graph of R(M) has been given in Fig. 8.

8. The tabular solution

Theorem 4 leads in a natural way to a rough tabulation of the optimal plan 
(cM,n?(cM,^7)) as a function of 3/ in the cases where m(cM,d/) has only finitely many 
discontinuities in any finite Jf-interval.

Since 7»(cm,3/) is a non-decreasing function of 3/, the discontinuity points of 
zu(cm,M) will in most cases give a sufficiently accurate description of the optimal 
sample size.
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Defining B* = (K - Mko)/(ks(k) - ko), where ko is defined corresponding to 2r, 
we find

B;(c,m,J/) = /n + (3/- m){yi Q(Zi) +72 B(72)} (63)
where

yi = zni(2r - 2i)/(2s - 20), 72 = 1^2(22 - 2r)/(2s - 20), |
  ( (®4)

Âi < 2r < 22, 2o = zPiZi + W2^r and 2S = 2r + {ks(k) - Â>(2)}/(A2 - B2). I

In (63) we have still four parameters left, viz. (2i, 22,71,72)- We may, however, 
eliminate one by proper choice of observational unit. Hence, we shall assume that 
2i = 1 (instead of 2r = 1 as in Section 3), and we shall write r = 22/2i, which means 
that

B*(c,/n,3f) = in + (4/ — m){7i(l — B(c,m)) + 72B(c,rm)}. (65)

This form shows that for the two-point prior the coefficients (71,72) may be
interpreted as the product of a prior probability and a decision loss and that this
loss need not be derived from linear cost functions but may be chosen arbitrarily.
In this wider context the parameter 2r does not have any direct interpretation and hence 
we have chosen to use 2i as “reference quality level’’ instead of 2r.

We note that B* has the same structure as (26) for ) = 1 and d(c,m) = 
71(1 - B(c,m)) + 72B(c,rm), the difference being a scale transformation only.

A table of the optimum relationship between c, m and M depending on the 
three parameters 71, 72 and r would be rather extensive. It is, however, possible to 
get a good approximation from a table depending on only two parameters, since 
the optimum plan corresponding to (M ,yi,y2, r) z.s approximately equal to the optimum 
plan for (J./71,1,72/71, r). Therefore, optimum plans have been tabulated by minimizing 
B* for 71 = 1 only, see the table in the Appendix.

The table contains optimum plans for 71 = 1, eight values of y2 between 0.04 
and 1.00, and twelve values of r between 2 and 25, with the double limitation that 
M < 10,000 and eg 19.

To derive the results stated above we introduce M* = Myr and y% = 72/71 into 
(65) so that

R:i(c,m,M) = m + (M ' - m)[(l - B(r,m)) + 7^ B(c,rm)} + E, (66)
where

E = m(l - 7i){(l - B(c,m)) + 7^ B(c,rm)}.

It will be proved later on that the remainder term E is of smaller order of magni
tude than the main term for M -> 00 which means that an approximation to the opti
mum plan may be found from a table with 71 = 1 using M* and 7^ as arguments.

A great number of comparisons of the exact and the approximate solution has 
been carried out with the result that the approximation obtained is satisfactory for 
practical purpose for 71 > 0.2 and r > 2.

As an example consider the problem of finding the optimum plans for 71 = 0.8, 
72 = 0.2 and r = 3. The exact solution has been given in Table 1 for c g 10, and
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Fig. 8. J?(c,Af) for three values of c. R(M) = inî R(c,M).

For the two prior distributions previously considered the tabulation along these 
lines is fairly simple because d(c,m) satisfies the conditions of Corollary 1. The dis
continuities in the optimal sample size will then correspond to the shifts of the optimal 
acceptance numbers.

The tables in the Appendix give the values of M corresponding to shifts in cM, 
starting in most cases with the greatest lot size for which acceptance without inspec
tion is to be preferred. Each line in the table gives an interval for M, the optimal 
acceptance number for this interval and the lower and upper limit, mci and mcu, 
say, for the optimal sample size. However, since the tables have been organized such 
that the ^/-intervals are consecutive only the upper limit, Mc + o.5 say, of each interval 
is given. The tabulated lot and sample sizes have been given with three significant 
figures and at most four decimal places.

9. Optimal sampling plans for the two-point prior distribution

Since the Poisson solution may be used as approximation to the binomial solu
tion, which has been studied in a previous paper (Hald, 1965), we shall formulate 
the results so that they are easily comparable to the binomial ones.

To derive a convenient form of the Poisson model for the two-point prior dis
tribution from the assumptions in Section 3 we define the break-even quality as

= ( Ri - di)/(As — /?2)- (62)
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Table 1.
Comparison of exact solution for yi = 0.8, yz = 0.2, and r = 3 and approximate solution

derived from the exact solution for yr = h 72 = 0.25 and r = 3.

Exact Approximation

c ^c + 0.5 ™cl mcu ■^c + 0.5 mcl mCU

13.8 Accept 13.1 Accept
2 16.9 0.702 0.756 16.5 0.696 0.758
3 22.2 1.22 1.29 21.9 1.21 1.29
4 28.7 1.76 1.83 28.5 1.76 1.83
5 36.4 2.31 2.38 36.3 2.31 2.38
6 45.5 2.86 2.92 45.6 2.86 2.92
7 56.3 3.41 3.47 56.5 3.41 3.47
8 69.1 3.96 4.01 69.5 3.96 4.01
9 84.3 4.51 4.56 84.8 4.51 4.56

10 102 5.06 5.11 103 5.06 5.11

this has been compared with (he approximate solution derived from the table in the 
Appendix for yi = 1 and yz = 0.2/0.8 = 0.25 by dividing the tabulated values of Af 
by 0.8. It will be seen that the approximation is very good.

To derive asymptotic expansions of the optimum (c,ni) in terms of M for M -> co 
we shall consider (c,rn) as positive real variables and define B(c,m) by means of the 
incomplete Gamma-function, i.e.

00

B(c,m) =----------- I xce~xdx.v 7 r(c + i) J
m

By a similar procedure as in a previous paper, see Hald (1967), we find for 
m -» co and c/m = h, where h is a positive constant, that

B(c,m) = h(c,m) 1 [1------------------+ 0(n7_2)( for — = A < 1,
11 - h I I m(l - hy I m

the same expression being valid for 1 - B(c,m) when h > 1. By means of Stirling’s
formula for F(c + 1) and the above result we get an asymptotic expansion for the 
Producer’s and the Consumer’s risk.

Introducing this expansion into R* and minimizing with respect to h = c/m and 
m we get an expansion analogous to the one for the binomial case, see Hald (1965, 
1967 a). The expansion is shown in the theorem below. The same result may naturally 
also be obtained starting from the binomial case and using the standard approxima
tion of the binomial distribution by the Poisson distribution.

Theorem 5. For the Bayesian single sampling plan corresponding to a two-point 
prior distribution we have for M -> co that
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where
<■ = indo + f/2 4 di nr1 + O(in~2),

do lnr = r -1,

(67)

and

d2 In i- = In
yi(r-d0)lnd0 |

I y-2i’(do - l)ln(r/d0) |

Further

rh 1 n r ‘h do d2 d2
1 )2 r — do do - 1(r - doY (do -

1 .1 1 \
min /?::(c, in, M ) in + J "Ö------ 4- O(m-2),
(C, 771) co ( 2 co m

where in is determined from

ln(J/ -in) = com + "hi/71

and
co = do In do 4- 1 - do,

| yieolnr
I |/(27rdo)(do - 1 )ln(z-/do) |

O(nr2), (69)

and
e-2 = d2 111 do

d2 + d2
£>4 = r/41 n do 4----------

2do
1 d2

12 do do — 1
do

(do - l)2'

The two risks for the optimum plan are

In(r/do)| 1 I 1
1 - ß(c,zzi) = —- 1 - + O(m-2)

yi eo In r | 2 co m I M - in
and

Indo ( 1 I 1
B(c,rnd) = \1------------ t-O(m 2)J —

y2<’olnr 2 (’0 m M - in

(70)

(71)

It follows from this theorem that the optimum in asymptotically is proportional 
to Ind/ and that c approximately is a linear function of in. The minimum regret con
sists essentially of two terms, the sampling costs, in, and the average decision loss, 
which lends to a constant, 1/eo- Thus, for large lots the sampling costs will dominate 
over the decision loss. The two risks tend to zero proportional to 1/3/.

The main terms of (69) may be written as

ln(d/yi) = com 4 |lnm 4- Â 4-1 In
yi\In do
72/ hir



Nr. 7 31

Fig. 9. The exact and the asymptotic sampling plan as function of M for yi = 1 and y% = 0.25. The 
asymptotic plans have been plotted for m > 0.4 only. The numbers indicated below the steps of the curve 

are values of cM.

where Â is a constant independent of (71,72)- Since co and c/o are functions of /■ only 
it follows that asymptotically m depends on .V* = A/yi and = 72/71- As shown in the 
example above this result also holds with good approximation for small values of 3/.

To facilitate the use of the asymptotic formtdas the most important coefficients 
have been tabulated as functions of r for 71 = 72 = 1, see the tables in the Appendix. 
A typical picture of the relation between the exact and the asymptotic solution has 
been given in Fig. 9.

The asymptotic formulas serve several purposes.

(1) Starting from c we may determine the corresponding 3/-interval and within that 
the relation between m and M.

(2) Starling from 3/ we may determine the corresponding m, and from m determine c.
(3) They may be used for developing interpolation formulas.
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The first method is useful lor making a systematic tabulation of sampling plans 
whereas the second is suitable for computing “isolated” plans for a given M.

Starting from an integer value of c we first find 777(c), say, from (67) and the 
corresponding 4/(c) from (69). Similarly we lind M(c-0.5) and M(c + 0.5), being 
the approximations to the lower and upper limit for M having c as optimum accept
ance number.

In the asymptotic solution we have disregarded the discreteness of c. By inves
tigation of the relationship between m and M for given (integer) value of c we find that 
m is approximately a linear function of InM with slope 1/r so that

m eo 777(c) + r_1 ln{3//3/(c)} for M(c - 0.5) < M < M(c + 0.5),

which for small intervals may be replaced by

m 00 m(c) + {M - 3/(c))/{rJf(c)} for M(c - 0.5) < M < M(c + 0.5).

Since mCu corresponds to Mc+ 0.5 we find

mcu ~ ni(c) + r~1 ln{M(c + 0.5)/Æf(c)},

which by means of (67) and (69) leads to the following approximation

mcu^m(c) + y(eo + 0 . J.
2/-(/o y 2 777(c))

A similar argument shows that ma is obtained by subtraction of the correction 
term in (74).

The approximation obtained by using (67), (69), and (72) is usually very good 
even for cpdte small values of c. Normally the approximate value of c mill deviate al 
most ± 1 from the correct value which secures a high efficiency of the approximate plan 
since the relation between c and m is very accurate, sec the discussion on efficiencv in 
previous papers.

The approximation depends on the value of r, being good for large values of r 
and poorer for small values. Two typical examples have been shown in Table 2.

The approximation may break down for values of 4/ for which the cheapest 
solution is acceptance without inspection since the formula may lead to a sampling 
plan even if no optimum plan exists. The difference in costs by using such a plan 
instead of accepting without inspection will, however, usually be small.

If one wants to be sure to find the optimum plan one may start from the approx
imation and compare the costs of this plan with the costs of suitably chosen neigh
bouring plans and with 4fy2 thus finding the optimum procedure by trial and error.

To determine the sampling plan corresponding to a given lot size we shall use 
the inverse formula giving 777 as function of M which may be found as in the previous 
paper, see Hald (1965).

(72)

(73)

(74)
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Table 2.
Comparison of exact and approximate sampling plans computed from the asymptotic formulas.

yi = 1, 72 = 0.25, r = 10.
771(c) = 0.2558c — 0.0217
mcu = m(c) + 0.0310 + 0.00640/171(c) 
ln(M - m) = 2.4196m + l|nm + 1.0037

71 = 1» 72 = 0-25, r = 3.
m(c) = 0.5493c - 0.4162
mcu = m(c) + 0.0247 + 0.0458/771 (c) 
ln(A/ — zn) = 0.2702771 + ^lnin + 1.9951

c
Approximation Exact Approximation

Af(c+0.5) 772
Exact

Af(c + 0.5) TH M 777 M 777

1 5.65 10.5 Accept 4.31 0.176-0.193 4.74 0.181-0.283
2 10.3 0.591-0.774 13.2 0.696-0.758 10.2 0.446-0.534 10.9 0.448-0.530
3 15.1 1.17-1.29 17.5 1.21-1.29 22.0 0.706-0.785 23.2 0.708-0.782
4 20.4 1.73-1.83 22.8 1.76-1.83 45.7 0.964-1.04 47.8 0.965-1.04
5 26.6 2.29-2.37 29.0 2.31-2.38 93.1 1.22-1.29 96.5 1.22-1.29
6 33.8 2.84-2.92 36.5 2.86-2.92 187 1.48-1.55 193 1.48-1.54
8 52.1 3.94-4.01 55.6 3.96-4.01 741 1.99-2.06 749 1.99-2.05

10 77.6 5.04-5.11 82.2 5.06-5.11 2820 2.50-2.57 2850 2.50-2.57

Introducing the auxiliary functions

dW = 1 - (2 lnM)-i (75)
and

f(M) = InM - |(ln InM) g(M) (76)
we get

eom = f(M) - Li - ylneo - lnyi + fin ——- WM),
(77)

1 " \ 72/lnrj

where h --Mneo has been tabulated in the Appendix.
From M we may find m(M) by means of (77) and then c(J/) = m(M)do + do 

from (67). Rounding to the nearest integer we may find the corresponding m(c) and 
use (73) to obtain a corrected value of m.

Table 3 shows that (77) leads to good results for the two cases discussed in 
Table 2. The approximate value of c does not deviate more than 1 from the correct 
value. Many other cases have been investigated with the result that the deviations found 
are less than ± 1 for r è 3.

As a final consequence of the theorem we shall give some rules for interpolation 
in the tables.

From (67) and (69) it follows that lnÅC + o.5 and mc are approximately linear 
functions of ln/2 and, consequently, linear interpolation on logAf and on m using 
y-2 as argument is recommended.

Considering Mc+o.5 as function of r it will be found that it is first decreasing 
and then increasing. Within the tabulated range, 2 r 25, we may, however, have 
only one of these branches. In the neighbourhood of the minimum quadratic interpola
tion on logM should be used, otherwise linear interpolation on logM will normally suffice.

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 7. 3
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Table 3.
Comparison of exact and approximate sampling plans computed from the asymptotic formulas.

71 ■ b 72 = 0-25, r = 3.
m 3.7014{f(M) 2.64959(3/)}
c = 1.821m + 0.758

71 = 1, 72 = 0.25, r = 10.
m = 0.41329{f(M)
c = 3.909m + 0.085

0.56186.9(37)}

Af
Approximation Exact

m c c
Approxim

Hl
ation

c
Exact

c

3 < 0 Acc. Acc. 0.317 1 1
5 < 0 0.437 2 2
7 < 0 „ »» 0.529 2 2

10 < 0 Acc. Acc. 0.635 3 2
20 1.23 3 4 0.856 3 3
30 2.29 5 6 0.992 4 4
50 3.72 8 8 1.17 5 5
70 4.71 9 10 1.29 5 5

100 5.78 11 12 1.42 6 6

From (67) we obtain

(In r)_1>c?0_1.

(d* equals d2 for 71 = y-j).
Since - d2 is nearly constant and equal to 0.5 we lind the following differences 

with respect to r
Arm(c) (c - 0.5). ld0 1 - Un —j d(r - l)-1.

As {/l(r — 1 )—1J-/{zlc/0 1} -> 0 for r -> oo it follows that m(c) for large r will be 
approximately linear in d().

For small r the spacing of the tabular values is such that linear interpolation on 
m(c) with respect to r is sufficiently accurate, whereas for large r linear interpolation 
on m(c) should be with d() 1 as argument. Numerical examples may be found in the 
Appendix.

We shall conclude this section with a discussion of the Poisson sampling plan 
as approximation to the binomial one.

The fundamental parameters in the binomial model are

pr = the break-even quality expressed as a fraction defective, i.e. the cost of rejec
tion per item divided by the cost of accepting a defective item,

ps =■ the cost of sampling inspection per item divided by the cost of accepting a
defective item,

pi = the process average fraction defective for good lots,
p-2 = the process average fraction defective for bad lots, and
W2 = the proportion (or a priori probability) of bad lots, wi + w? = 1.
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From these parameters we derive

7'1 = -pi)/(ps-po), 7'2 = H’2(j>2 - pr)l(ps ~ po) (78)

where po = wipi + tvzpr, pi < ]>r < P2 and pr â ps-
From the general form of the average regret, given by (3), we get

Kb(c,n,N) = (ps-po)n (N - n){(pr - pi) wiQb(pi) + (p2 - pr)iV2Pb(p2)},

where ()b and Pb denote binomial error probabilities.
The “natural” parameters of the model are (pi,p2,W2), which characterize the 

prior distribution, and (pr,ps), which depend on the costs. However, as in the Pois
son case, we may reduce the number of parameters. Introducing P$ = Pb/(ps - po) 
we get

R$(c,n,N) = it + (X - n){yiQb(pi) + y2Pb(p2)}, (79)

which shows that the solnlion depends on four parameters only, viz. (pi,p2,yi,y2)-
For m = npi and j)2 = rpi the usual Poisson approximation to the binomial 

probabilities leads to

K'b(c, n,N) ™ 11 + (N - n){yiQ(m) + yzPÇrni)},

such that we may use IP as an approximation to pjib f°r small pr and p2, M = Npt. 
Thus, we shall use the Poisson solution as approximation to the binomial solution.

It is obvious that the accuracy of the approximation depends essentially on the 
size of the p’s and on r. A large number of comparisons has been carried out for 
0.01 g pr Ss 0.10, r > 3, and 100 AT 100,000. Some typical examples regarding 
the value of c have been shown in Table 4. In most cases the Poisson solution leads 
to the same value of c as the binomial, in some cases we get a value which is one 
unit too large, and particularly for pr = 0.10, small values of r and large values of 
xV we get a value of c which is two units larger than the binomial.

The relation between c and n is very accurate in nearly all cases.
The general conclusion is that for pr < 0.05, r < 3, and N < 100,000 the ac

ceptance number determined from the Poisson model will normally equal the cor
responding binomial acceptance number and occasionally the Poisson solution will be 
1 larger than the binomial. Even for pr as large as 0.10 the Poisson approximation will 
be good for r > 5.

The tables in the Appendix of the present paper may therefore be regarded as 
a valuable supplement to the tables in the previous paper, see Hald (1965). It should 
be noted that the present tables usually will be easier to use because conversion 
formulas and interpolation are simpler here.

The prior distribution should be chosen such that it describes the expected 
quality variation for the lots in question. All kinds of information should be used in 
determining the prior distribution such as knowledge of normal quality variation in 

3*
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Comparison of values of c found from the binomial and the Poisson model. The value tab
ulated is the binomial solution. The subscript indicates the Poisson solution minus the bino

mial. No subscript means that the two solutions are identical.

Table 4.

100pr 1.0 1.0 1.0 2.0 3.0 1.0 3.0 10.0 10.0 10.0
100ps 1.0 1.0 2.0 2.0 6.0 1.0 3.0 10.0 10.0 10.0
lOOpi 0.6 0.6 0.6 0.6 1.8 0.6 1.8 2.0 4.0 6.0
100p2 4.0 4.0 4.0 4.0 12.0 2.0 6.0 15.0 15.0 15.0
100u’2 5.0 10.0 5.0 5.0 10.0 5.0 5.0 5.0 5.0 5.0

71 1 1 0.275 1 0.265 1 1 1 1 1
72 0.395 0.833 0.109 0.0752 0.221 0.132 0.132 0.0329 0.0439 0.0658

r 6.67 6.67 6.67 6.67 6.67 3.33 3.33 7.50 3.75 2.50

N c c c c c c c c c c

100 0 0 Ace. Acc. 0 Acc. Acc. Acc. Acc. Acc.
200 0 0 0 ,, ,, ,,
300 1 1 Acc. 0 ,,
500 1 1 0 1 ,,
700 1 2 0 1

1,000 2 2 0 2 Acc. Acc. Acc.
2,000 3 4 1 Acc. 3 5 3 6 Acc. Acc.
3,000 4 4 2 2 4 Acc. 61 4 7 11
5,000 5 5 21 3 5 4 9 5 9 15]
7,000 5 6 3 4 51 5 10 5 101 181

10,000 6 7 4 5 6 7 12 6 Hl 202
20,000 71 8 5 6 71 10 15 7 Hi 26->
30,000 8 9 6 7 8 12 17 8 161 292
50,000 9 10 7 8 91 141 191 9 18! 33o
70,000 10 11 71 9 10 16 211 91 191 362

the market and for the specific supplier, information from the supplier on recent 
changes of his production process including changes in the quality of raw materials, 
and observations on qualiLy variations from past inspection.

Let us suppose that k lots have been inspected previously, either by sampling 
or total inspection, and that we want to estimate the parameters of the prior distribu
tion from these k observations.

We shall first discuss the case of a double binomial distribution, i.e. æi,. . . 
represent the number of defective items found in k samples (or lots) of size n, the 
distribution of x being

Ô2j>(æ,n) = tniô(æ,7i,pi) + m2Ô(x,n,p2),

where 0 < pi < p2 < 1 and 0 < < 1, iv± + m2 = 1 •
Various estimation procedures have been discussed by Blischke (1962, 1965), 

the simplest being the method of moments which we shall refer here. It consists in
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expressing the first three factorial moments by the three parameters (pi,p2,tvi), 
solving with respect to the parameters and using as estimates the resulting expres
sions with the population moments replaced by the sample moments.

Since
E{xw} = n(v)E{pv} = nw(iv1pv1 + in2pv2)

we define
xv = i»iPi + m2pv2

and

av = 2 æ/r),
i = 1

where E(av} = av. Introducing the auxiliary quantity

ß = (a3 - aia2)/(a2 - a2)
we find

pi I ß ,
? = - K/52 - W + 4a2)V2 (go)

7J2 1 -
and

IV1 = (p2 - ai)/(p2 - pi)-

Replacing <xv by av we get the estimates.
For the F'oisson case xi,...,Xk represent the number of defects found in k

samples (or lots) of size in, the distribution of x being

Z?2(.r,zn) = iv±b(x,inXî) + iv 2b (x, 111X2},

where 0 < Âi
Since

< X2, in > 0, 0 < wi < 1, and + ip2 = 1.

E{x(v>>} = mvE{Xv} = + uz2A2)
we deline

<xv = in + in2X2
and

k
av = (W)-1 2 æf’

i = 1

where E{av} = txv. The solution with respect to (ki,À2,iVi) is then the same as the 
one given above for (pi,p2,u>i)-

10. Optimal sampling plans for the gamma prior distribution

The gamma prior (14) depends on the parameters s and r. Since the break
even quality is assumed to be 1, it follows from Section 3 that the optimum plan de
pends on the four parameters (3/,Âs,s,r). Instead of r we shall use the mean of the 
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prior distribution, z = s/t, because z is easier lo interpret. From V{2} = .s/r2 = z2/s 
we get s = (Ä/ct^)2 which shows that .s-1 is the square of the coefficient of variation 
in the prior distribution.

The rejectablc part of the prior distribution is

11’2

00 00

f w(/.)d). ■■= J rs~1 e~z dz/F(s).

1 T

(81)

A table of Wz for suitably chosen values of .s and Å has been given in the Appendix.
The case zs = 1, i.e. the case of rectifying inspection, see (24), is particularly 

important. Setting ô = - Zo and do = 1 - Zo we get

/? = mô + (M — /n)d(c, /n) I
J (82) 

= ôôô1{/nôo (Mi'-m)d(c,m)} + {ô — ôo)ôo1md(c,m)

where M- = 3/do/d. Il will be shown later on that md(c,m) = 0(1) for M -> oo whereas 
the first term is 0(|/3/). Disregarding the last term it follows that the optimum plan 
corresponding to (J/,zs,.s,z) is approximately equal to the optimum plan for (J/*,l ,.$,Â), 
where M* = Môo/ô. Therefore, optimum plans have been tabulated for Ås = 1 only, 
see the table in the Appendix, and auxiliary tables of do and do/d for different value 
of zs have been provided.

The Appendix contains tables of optimum plans for twelve values of s between 
0.1 and 20 and thirteen values of Ä between 0 and 1, with the double limitation that 
M < 10,000 and c â 19. A great number of comparisons of the exact and the ap
proximate solution for Â,s > 1 has been carried out leading to the conclusion that the 
approximation obtained is satisfactory for practical purposes for < 5 and s < 10.

As an example consider the problem of finding the optimum plans for zs = 1.5, 
Z = 0.5 and s = 0.3. From the auxiliary table in the Appendix we read do/d = 0.5777 
such that the optimum plans may be found (approximately) by entering the table 
for = 1, z = 0.5 and s = 0.3 using 0.57774/ as argument. The exact solution has 
been given in Table 5 for c 10, and this has been compared with the approximate 
solution derived from the table in the Appendix by dividing the tabulated values of 
M by 0.5777. Il will be seen that the approximation is very good.

To derive asymptotic expansions of the optimum (c,/n) in terms of M for M -> oo 
we consider (c,zn) as positive real variables and use the following

Lemma 4. Let CO

I3w(x,m) = f B(x,mF)w(F)dÅ,

o
where zn(Â) is three times continuously differentiable in the neighbourhood of h = x/m. 
For fixed 7i, 0 < h < oo, and m -+ oo we have
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Table 5.
Comparison of exact solution for /.s = 1.5, Z = 0.5 and s = 0.3 and approximate solution 

derived from the exact solution for zs = 1, Z = 0.5 and s = 0.3.

Exact Approximation

c ^c+0.5 mCl mcu ^c+0.5 mcl mcu

1.71 Accept 1.48 Accept
0 23.0 0.0000 0.475 22.5 0.0000 0.478
1 76.6 0.986 1.38 76.2 0.979 1.39
2 160 2.06 2.34 160 2.06 2.34
3 271 3.10 3.31 273 3.10 3.31
4 118 4.12 4.30 417 4.12 4.30
5 592 5.13 5.28 592 5.13 5.28
6 796 6.14 6.27 795 6.14 6.27
7 1030 7.15 7.26 1030 7.15 7.27
8 1290 8.16 8.26 1290 8.16 8.26
9 1590 9.16 9.25 1590 9.16 9.25

10 1910 10.2 10.2 1900 10.2 10.2

h
= f iv(X)dÅ + (iv + ±hw')irrl

o
+ (zz/ + y^zzz" + ±h2iv" ')m~2 + O(/n-3),

where = iv^fdi), ft = 0,1,. . . .
If zz?(Z) is a probability distribution Bw(x,m) represents a mixed Poisson distri

bution. However, the lemma is valid whether zz?(Â) is a density or not. The lemma may 
be proved analogously to the corresponding lemma for the mixed binomial (Halo, 
1968a) or it may be found from this lemma by introducing the usual Poisson ap
proximation to the binomial probabilities.

The lemma may be used to find an asymptotic expansion of z/(c,m), see (28), 
and thus an expansion of R. The optimum values of h and m are then obtained from 
the two equations dR/dh = 0 and dR/dm = 0, see the corresponding procedure for 
the binomial case in the previous paper (Hald, 1968b).

and

Theorem 7. For the Bayesian single sampling plan corresponding to a gamma
prior distribution with parameters (.s,r) we have for M -> <x> that

c = in + r - s - ± + O(zn_1) (83)
and

m = A’i)/Af + Å’2 + 0 (AZ-b2), (84)
where

A'l - r’e-T/{2C(.s)d} (85)
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12712 = — 3 (s - t)2 + s — 10r — 1. (36)

The minimum regret is

7?(M) = (2 777 - k* - Å2)z5 + 0(772“!), (87)

where 777 denotes the optimum sample size.
It follows from this theorem that the optimum 77? is approximately a linear 

function of ÿM and that c is approximately a linear function of 77?. The minimum 
regret consists essentially of two terms, the sampling costs, <5m, and the average de
cision loss, 0(777 - 7c^ -/r2)- Thus, for large lots the sampling costs and the average 
decision loss will be approximately equal.

To facilitate the use of the asymptotic formulas the most important coefficients 
have been tabulated as functions of s and Ä = s/t, see the tables in the Appendix. 
It should be noted that these tables supplement the corresponding ones for the bi
nomial case (Hald, 1968b) in the sense that they give limiting values for pr 0.

Let us define the average probability of acceptance for lots which ought to be 
rejected, i.e. the Bayesian Consumer’s risk, as

00

J 777Â)m(Â)f/2/z7?2,

1

where in? has been defined in (81). Similarly we define the Bayesian Producer’s
risk as 

0

1

where zz?i = 1 — 1V2. It may be proved that for the optimal plan these risks are of the 
same order of magnitude and lends to zero as 777“1/2, see Hald (1967 b). Specifically

iviQi = {<5A’izz7(l)/(7r|/iU)}i/2{l + 0(M-i/4)} = zp2P2{l + O(il/-i/4)}.

The asymptotic formulas may be used for tabulating optimum plans. To each 
integer c we first find 777(c) = c - t + s +-7 from (83) and then M(c) from 1/M(c) = 
(777(c) - Â’2)/À’i, see (84). Investigating the relation between 77? and 3/ for given integral 
c as in the paper on the analogous binomial problem (Hald, 1968b) we find that 
777 is approximately a linear function of [/Jf within the interval f Af(c) ± (2Åi)_1. The 
interval for M computed from the equations

|/M = |/M(c)±(2Â’i)-i (88)

will have c as optimum acceptance number and the corresponding interval for 777 is 
found as

77? = 777(c) ± {2777 (c + l)}“1. (89)
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Comparison of exact and approximate sampling plans computed from the asymptotic formulas.
Table G.

s = 0.2, Z = 0.9, = 1. ô = 0.6588.
m = c + 0.4778,
mcu = rn(c) + 0.5/(m(c) + 1).

s = 5, 
m = c 
mCu = 
j/M(c

Z = 0.9, Zs = 1. <5 = 0.2186.
— 0.0556,
m(c) + 0.5/(zn(c) + 1).

|/Af(c + 0.5) = (m(c) +• 0.7520)/0.3130. +- 0.5) = (m(c) + 4.873)/l .3965.

c
Approximation

M(c +0.5) m Mc+o.5
Exact

m
Approximation

A/(c + 0.5) m Wc+0.5
Exact

m

0
0.539

15.4 0.139-0.816
0.0253

14.6
Accept
0-0.723 11.9

1.39
4.76

Accept
0-0.240

1 50.7 1.28-1.68 49.8 1.26-1.65 17.4 0.687-1.20 10.3 0.779-1.12
2 106 2.33-2.62 106 2.33-2.61 23.8 1.77-2.11 16.8 1.84-2.07
3 183 3.37-3.59 182 3.37-3.59 31.3 2.82-3.07 24.4 2.87-3.05
4 279 4.39-4.57 278 4.39-4.57 39.9 3.84-4.05 32.9 3.88-4.03
5 396 5.40-5.56 395 5.41-5.56 49.4 4.86-5.03 42.5 4.89-5.02
6 533 6.41-6.55 532 6.42-6.55 60.0 5.87-6.02 53.1 5.90-6.01
8 869 8.43-8.53 868 8.43-8.53 84.2 7.89-8.00 77.3 7.91-8.00

10 1290 10.4-10.5 1290 10.4-10.5 113 9.90-9.99 106 9.91-9.99
15 2690 15.4-15.5 2690 15.5-15.5 201 14.9-15.0 194 14.9-15.0
19 4180 19.4-19.5 4180 19.5-19.5 291 18.9-19.0 284 18.9-19.0

One may naturally also use the asymptotic formulas directly to find m and c 
corresponding to a given lot size M. However, the value of c found has to be rounded 
to the nearest integer and the optimum m corresponding to the given M and the in
tegral c may then be found as described above from the equation

m-m(c) = {|/M-j/M(T)}Â-i/m(c+ 1) for |j/M - |/M(c)l < (90)

The discreteness of c will also influence the average decision loss. As an approx
imation we have

R(M) - <5{m + (m - k{ - i2)(l - 2g)-i), (91)

where q = m - m(c) is defined by (90). We remark that if m(c) or |/j?(c) is found 
to be negative the optimal plan is to accept without inspection.

The accuracy of the asymptotic formulas has been investigated numerically by 
comparing with the exact solution for a large number of cases. Normally the approx
imate value of c mill deviate at most 1 from the correct value. Two examples, showing 
the results for a typical good and poor case, have been given in Table 6. The first 
entry for the approximate solution has been determined as J/(c — 0.5), where c is the 
first tabulated acceptance number.

Table 7 shows for the same two examples a comparison for selected values of 
M. The efficiency of the approximation, measured by the ratio of Z?(M) and the value 
of R(c,m,M) for the approximate plan, is larger than 0.86 for all values of M consid
ered and in most cases the efficiency is much higher.
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Table 7.
Comparison of exact and approximate sampling plans computed from the asymptotic formulas.

s = 0.2 
th (Al) - 
e(Al) 
|/W) 

m = ni(<

Z - 0.9, Zs
0.3130 \/ M -

1.0 = 0.6588.
0.2520,

8.
0.3130.
- |/ .11(e)] (777(c) + 1).

s = 5, Z = 0.9, Zs = j 
777 ( 211) = 1.3965 J/Al - 
c(Al) = 77?( Al) + 0.0556 
|/a1(c) = (e + 4.318)/l.

m = m(c) + 1.3965[|/A1

. Ô = 0.2186.
1.373,

3965.
- |/A!(c) ] (777(C) + 1).

777 (.11) 
(c +

:) + 0.31

- 0.477
1.7298),
30[| Al

Approximation E xact Efficiency Approximation Exact Efficiency
.11 e 777 c 777 C 777 c 777

10 0 0.654 0 0.658 1.00 0 0.049 1 1.11 0.86
20 1 1.35 1 1.37 1.00 2 1.92 3 2.96 0.98
30 1 1.47 1 1.51 1.00 3 3.03 4 3.99 0.98
50 1 1.67 2 2.33 1.00 6 5.88 6 5.98 1.00
70 2 2.45 2 2.47 1.00 7 6.99 8 7.95 1.00

100 2 2.59 2 2.59 1.00 10 9.91 10 9.96 1.00
200 4 1.42 4 4.44 1.00 15 15.0 16 15.9 1.00
300 5 5.43 5 5.44 1.00
500 6 6.51 6 6.52 1.00
700 8 8.43 8 8.44 1.00

1000 9 9.49 9 9.50 1.00
2000 13 13.5 13 13.5 1.00
3000 16 16.5 16 16.5 1.00

Since the tables of the optimum plans have been organized with s and z as 
parameters we shall formulate the interpolation rules in terms of these parameters.

It follows from Theorem 7 that J/J/c + o5 and ntc (ire approximately linear func
tions of z 1 and, consequently, linear interpolation on 1/37 and on m using I-1 as 
argument is recommended.

Considering Mc + o.5 as function of s it will be found that it is first decreasing 
and then increasing. Within a major part of the tabulated range, both branches are 
present. In the neighbourhood of the minimum quadratic interpolation, on 1/A7c+0.5 
should be used, otherwise linear interpolation on |/Afc+o.5 will normally suffice. In both 
cases use logs as argument. Finally mci and mcu are approximately linear functions of 
s such that linear interpolation on m will be satisfactory.

The Poisson solution corresponding to a gamma prior distribution may be used 
as approximation to the binomial solution corresponding to a beta prior distribution 
which has been studied in a previous paper (Halo, 1968b).

The beta-binomial model is given by (3) for

db\p) = ps~1qt~ 1 dp/ß (s,t), s > 0, t > Ü,

ß(s,t) denoting the Beta-function, and cb = ps—po, where
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(Ps’Pr) being defined as in Section 9. The mean, p say, of the prior distribution is
p = .s-/(.s- + t).

Setting p = Àpr and p = 2pr we find for fixed (.s,2) and pr -> 0 that the distribu
tion of 2 tends to

<7IV(2) = (t2)s_1 e~r^d(TÅ)/r(s),

where r =-■ .s/2, i.e. 2 has a gamma distribution with parameters (s,t) and 77(2) = 
2 = s/t.

Defining d = ôi/pr, M = Npr and m = npr it follows that R(c,m,M) for a gamma 
prior distribution may be obtained as the limit of Rb(c,n,N) for a beta prior distribu
tion for pr -+ 0 and in -+ oo, keeping in = npr fixed.

Since we have defined the variable 2 as p/pr it follows that the break-even 
quality expressed in the new scale equals 1.

It is obvious that the accuracy of the approximation depends essentially on the 
size of pr. A large number of comparisons has been carried oid for 0.01 pr â 0.10, 
different combinations of (s,p) and 100 AT 100,000. Some typical examples re
garding the value of c have been shown in Table 8.

In most cases the Poisson solution leads to the same acceptance number as the 
binomial, and in some cases we find a value which is one unit too large.

l-'or the region of parameters s and 2 = p/pr for which tables have been given 
in the Appendix the general conclusion is that for pr < 0.1 and TV < 100,000 the ac
ceptance number determined from the Poisson model will normally equal the cor
responding binomial acceptance number, occasionally it will be one unit too large 
and in very few cases, corresponding to the largest value of .s- for given 2, two units 
too large.

The tables in the Appendix may therefore be regarded as a valuable tool for the 
construction of binomial sampling plans, see Hald (1968b).

To estimate the parameters of the prior distribution from past observations we 
shall use the method of moments.

Let .ri,. . ,,x/c represent the number of defective items found in k samples (or 
lots) of size n, the distribution of x being

i

bßb('v’n) = ) b(x,n,p)dF(p) 
o

where
dF(p) ps~l dp/ß(s,t) for s > 0 and t > 0.

Since
W) = P = sl(s + t) (93)
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Table 8.
Comparison of values of c 19 found from the binomial and the Poisson model. The value 
tabulated is the binomial solution. The subscript indicates the Poisson solution minus the 

binomial. No subscript means that the two solutions are identical.
Pr ~ Ps- — P/Pr-

100pr 1 1 1 1 5 5 10 10 10 10
s 0.1 1.0 0.1 3.0 1.0 3.0 0.1 0.3 0.1 1.0
loop 0.15 0.50 0.90 0.90 2.5 3.5 1.5 1.5 9.0 5.0

2 0.15 0.50 0.90 0.90 0.5 0.7 0.15 0.15 0.9 0.5

A c c c c c c c c c c

100 Acc. Acc. 0 0 Acc. Acc. Acc. Acc. 0 Acc.
200 Acc. Acc. 0 0 Acc. Acc. 0 Acc. 0 Acc.
300 Acc. Acc. 0 0 Acc. Acc. 0 Acc. 1 1
500 Acc. Acc. 0 1 1 Acc. 1 Acc. 1 2
700 Acc. Acc. 0 1 1 2 1 Acc. 1 3

1000 Acc.o Acc. 0 1 2 3 1 Acc. 2 3
2000 0 Acc. 0 3 21 6 2 Acc. 2 5
3000 0 1 1 4 -11 "1 2 Acc. 3 7
5000 1 2 1 5 6 101 3 Acc. 4 9]
7000 1 3 1 7 8 13 4 Acc.3 5 Hl

10000 1 3 2 9 91 16 5 4 6 1 1
20000 2 5 2 13 1 1 - 7 6 9 -
30000 2 7 3 17 17 - 9 8 Hl -
50000 3 91 4 - - - 11 11 15 -
70000 4 Hl 5 - 131 131 18

and
v{p} = p(ilCs + t + i)

we gel
s = p(p<i~ ^{/>})/v{p}- (94)

From
E{x(v)} = n(v)E{pv}

we obtain
E{x} = nE{p} = np

and
T{.r} = n^V{p} + npq.

Introducing E{x} and V{.r] in the expressions for p and s we find p = E{x/n}
and

* = p(p(i~ V{x/n})/(V{.r/n}-pg/n). (95)

Estimates of p and s are obtained by replacing E{x} and V{æ} by the sample 
mean and variance.
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In the Poisson case xi,...,æ* represent the number of defects in k samples 
(or lots) of size m, the distribution of x being 5y(.x-,/n), see (9).

Since = 2 = s/t and V{2} = s/r2 = Å2/s we have s = z2/V{z}.
From E{xw} = mvE{Åv} we obtain E{x} = nd and

V{x} = m2V{2} + nd.

Introducing E{x} and V{x} in the expressions for 2 and s we find Â = E{x}/m 
and

s - (E{x})2/(V{a:} - £{x}).

Estimates of 2 and s are obtained by replacing E{x} and V{x} by lhe sample 
mean and variance.

If we do not have previous inspection results from which we may estimate 
(2,s), we have to guess at these parameters from a general (and usually vague) knowl
edge of the expected quality variation. In this way we may get a reasonable first 
sampling plan, which in due time may be improved on the basis of inspection results. 
Guessing at 2 and we may determine s from s = (Ä/o^)2- As a check it is often 
useful to consider the rejectable part of the prior distribution, see (81), which may 
be found from the tables in the Appendix.

Example 1.
Published data regarding quality variation are very scarce. In many cases it 

is, however, rather easy to find the empirical distribution of the fraction defective from 
inspection records and it turns out that this distribution often is remarkably stable. 
In the experience of the authors the beta distribution has normally given a reasonably 
good fit to the observed variation of the fraction defective. Some examples of typical 
values of the estimated parameters arc given below.

Apart from the first case the examples given here all have an average percentage 
defective larger than 1 and a value of s larger than 1. For items having smaller average

Examples of values of p and s estimated from k lots with n observations per lot.

Item k n 100p s

Wire-wound resistors............................................................................. 421 1500 0.51 0.31
Impedance error in transformers...................................................... 150 700 1.7 4.9
Insulation tubes..................................................................................... 58 30000 5.5 7.7
Control of bottles in glass works...................................................... 3461 170 1.3 1.0
Breakage during bottling in brewery.............................................. 73 15000 2.0 5.8
Control of used bottles returned to brewery............................... 205 5000 1.8 7.2
TV tuners............................................................................................... 286 100 13 2.2
TV protective glass............................................................................... 179 200 12 2.5
Finish on Radio cabinets.................................................................... 278 60 11 1.3
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Tabli: 9.
Comparison of exact and approximate binomial sampling plans for s = 4.9, p = 0.0165 

and ps = pr = 0.02.

Poisson sampling plans Binominal sampling plans

s = 4.9, Å = 0.83 Approximation from Exact Approximation from
and Xs 1. Poisson plan asymptotic formulas. 

n(c) = (c — 0.540)/0.02,
|/N(c) (n(c)
+ 245.2) 8.698.
n zj(c) 0.49 (c
+ 0.440).The first entry 
is the lot size corre-
sponding to n = 0.

c Mc+G 5 mcl A’c + 0. 5 /fcZ ncw ac + 0.5 ocz ncu + 0.5) n

11.2 Accept 560 Accept 613 Accept 795
1 15.4 0.561 0.693 770 28 35 817 28 33 1140 8 40
2 23.3 1.44 1.64 1160 72 82 1210 71 80 1560 63 83
3 32.6 2.14 2.61 1630 122 130 1690 121 129 2040 116 130
4 43.4 3.45 3.59 2170 172 180 2240 171 178 2600 167 179
5 55.4 4.45 1.58 2770 222 229 2860 221 227 3220 218 228
6 68.8 5.46 5.57 3440 273 278 3540 271 277 3900 269 277
7 83.4 6.46 6.56 4170 323 328 4290 321 326 4650 320 326
8 99.4 7.47 7.56 4970 374 378 5110 372 376 5470 370 376
9 117 8.47 8.55 5850 42 1 428 5990 422 426 6350 420 426

10 135 9.47 9.55 6750 474 478 6940 472 475 7300 471 475

percentage defective we shall naturally often lind J-shaped prior distributions, i.e. 
0 < s 1.

We shall discuss the second case in more detail. From the 150 observed values 
of the fraction defective we compute the average, p = 0.0165, and the variance, 
Sp = O.O47818. Replacing the expectations in (95) by these values and inserting 
n = 700 we lind s = 4.9.

Suppose that pr = 0.02. Since this value is rather small we shall use the Poisson 
solution as approximation to the optimal sampling plan. We lind 7. = p[pr = 0.83 
and .s = 4.9. The approximate solution derived from tables of optimum Poisson 
sampling plans has been shown in Table 9. Furthermore, the optimum binomial 
plans, exact as well as approximate, see Hald (1968b), have been tabulated.

For a lot size of Ar = 700 the optimum plan is (n,c) = (30,1), the Poisson ap
proximation gives (33,1) and the asymptotic expansion leads to acceptance without 
inspection.
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APPENDIX

12. Tables of optimal sampling plans for the two-point prior distribution. 
Description and use of the tables

The tables of sampling plans give c and m as functions of M, where c and m 
for given M minimize the function

B*(c,zn,M) = nj + (4/- zn){yi(l - B(c,zn)) 4-720(c,rzn)}, (96)
c

B(c,m) = 2 and (r, 71,72) are given constants.
X = 0

In practice the problem will normally be to minimize the function

R(c,m,M) = m + (2/- n?)(7i(l - B(c,zz?7.i)) + 72/^(c,/7?Â2)}.

Since ÅiR(c,m,M) = R*(c,m*,M*') for m* = /11Â1, M:’: = MÅi and r = Z2/Z1 this 
problem is solved by reading (c,zn*) from the table for the argument M ■ and finding 
the sampling plan as (c,zn*/2i).

The parameter r equals the ratio of the two mean occurrence rates, Zi and 
A2, per inspection unit.

The parameters (71,72) are arbitrary positive numbers. In Sections 3 and 9 it 
has been shown how (71,72) may be interpreted within the framework of a linear 
cost model with the three cost functions E(z) = Si + S2Â 7c«(z) = Ai 4- A2À and 
År(7.) = /?i +and a two-point prior distribution of 7. given by (7.1, Â2, zui). The 
resulting formulas are summarized below, setting IV2 = 1 -wi.

Å = ZP17.1 ' ZZ’2/2, = (7?i - Ai)/(A2 - R2).
Zo = ZZZ17.1 + ZZ'2^r, 7,s = År + {Si - R\ + (S2 - /?2)Ä}/(Ä2 - B?)-
71 = zui(7.r - 2i)/(As - /.o), 72 = zz?2(7.2 — 7.r)/(7s - Zo).

The tables may also be used for obtaining an approximation to the solution 
of the analogous binomial problem with regret function

Rb(c,n,N) = n + (N - zz)(7i(l - B(c,z?,pi)) 4 72B(c,n,p2)},
c

where B(c,n,p~) = 2 (”) Px Qn~x- By means of the usual approximation, B(c,n,p) ™ 
x = 0

B(c,np), we get piRb(c,n,N) <x> R:i(c,npi,Npi) with r = pz/pi- Thus, the binomial 
problem is solved (approximately) by reading (c,zzz) from the table for the argument 
M = Npi and finding the sampling plan as (c,zn/pi).

For the linear cost model the parameters (71,72) are obtained from the formulas 
above replacing (Âi,Z2) by (pi,p2)-
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The approximation is good for pr < 0.05 and r > 3.
The tables contain solutions for yi = 1 only. For yi < 1 a good approximation

to lhe solnlion is obtained by entering the tables with M* = Myi and y'£ = y2/yi as
arguments.

Tables are given for the following valnes of y2 and r:

y2 = 0.04, 0.065, 0.10, 0.15, 0.25, 0.40, 0.65, 1.00.
r = 2.00, 2.25, 2.50, 2.75, 3.0, 3.5, 4.0, 5.0, 6.5, 10, 15, 25.

The solution has been tabulated with the double limitation that M < 10,000 
and c + 19.

Each line of the table contains c, 3/c + o.5, mci and mcu. For AL-o.s < Af A/c+o.s 
the optimum acceptance number is c, and the optimum values of m corresponding to 
Mc-o.5 and Mc + o.5 are mci and mcu, respectively. Intermediate values of m may be ob
tained by linear interpolation with respect to M.

If the first entry in the column headed sample size is “Accept” then the minimum 
of 7?* is obtained for m = 0, i.e. by acceptance without inspection, and minT?* = My2 
for M < Af”, where M* represents the first entry in the AZ-column.

Example 2.
Suppose that batches of cloth are inspected for weave defects, each batch con

sisting of M = 4000 yards. Previous inspection results have shown that the mean 
occurrence rate of defects in a batch may be described by a random variable which 
takes on the value Zi = 0.2 defects/yard with probability wi = 20/21, and the value 
7-2 = 2.0 defects/yard with probability w2 = 1/21. The costs of inspecting, accepting 
or rejecting a yard of quality z are ks(Å) = 1.0 + 0.2Â, Â’a(7.) = 1.2Â and Ar(2) = 
0.8 +0.2/1, respectively.

From the formulas above we obtain Ä = 0.2857, /.r = 0.8, Âo = 0.2286, z.s = 1.0, 
yi = 0.7407, y2 = 0.0741 and r = A2/Ai = 10. Since 2i + 1 and y\ + 1 we have to 
use the modified lot size Af* = J/Aiyi = 4000x0.2x0.7407 = 593 and also yf = 72/71 
= 0.1. The table shows that for 526 < Af* 1030 the optimum acceptance number 
is c = 8 and that 1.89 < m* + 1.95. Linear interpolation gives that the sample size 
corresponding to AZ* = 593 is m* = 1.90. Finally, the sample size in the original 
units becomes m = m*/Ai = 9.50 yards.

Interpolation in the tables.
We note the following interpolation rules.
Interpolation with respect to y2. Use linear interpolation on logxWc + o.5, nicz, and 

mcu with log72 as argument.
Interpolation with respect to r. Use quadratic interpolation on logAfc + o.5 in the 

neighbourhood of lhe minimum and linear interpolation 011 logA/c + o.5 otherwise. 
Use linear interpolation on mci and mcu with r as argument for r < 5; for r > 5 
use linear interpolation with dox as argument.

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 7. 4
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Example 3. Interpolation with respect to y2.
Suppose that the plans for y2 = 0.15 had not been tabulated and that we want

to lind the optimum plan for M = 50 and r = 5 by interpolation from the tabulated
plans for y2 = 0.10 and 0.25. From the tables we read the following results:

c
Mc+0.5 Interpolate 

y2 = 0.15
Exact 

y2 0.15y2 = 0.10 y2 = 0.25

5 56.2 36.9 46.6 46.2
6 81.4 54.2 68.0 67.4

It will be seen that M = 50 leads to c = 5 for y2 = 0.10 and c = 6 for y2 = 0.25. 
Linear interpolation on log3/ with logy2 as argument gives a rather good approxima
tion to the exact values. Naturally this result could be improved by using quadratic 
interpolation. The optimum value of c is found to be 6.

From the tables we lind for c = 6

72 mcl mcu

0.10 2.02 2.08
0.25 2.24 2.31

0.15 2.12 2.18 Interpolation
0.15 2.11 2.18 Exact

Finally, linear interpolation to 3/ = 50 between (46.6, 2.12) and (68.0, 2.18) 
gives in = 2.13 so that the result is (m,c) = (2.13, 6) as compared to the exact solu
tion (2.12, 6).

Example 4. Interpolation with respect to r.
Suppose that the plans for r = 3.5 had not been tabulated and that we want 

to find the optimum plan for M = 30 and y2 = 0.25 by interpolation from the tabu
lated plans for r = 2.5, 3.0 and 4.0. Using Aitken’s method for quadratic interpola
tion we find for c = 5

r ^c+0.5 3.5 — r log M Antilog

2.5 30.4 1.0 1.4829 1.44193.0 29.0 0.5 1.4624 1.4671 29.3
4.0 31.4 - 0.5 1.4969 1.4 / U /

The result is 3/ = 29.3 as compared to the exact solution 3/ = 29.7. By the 
same method we find for c = 6 that M = 38.5 as compared to the exact 3/ = 38.9. 
(Since the variation of M in this example is rather small it does not matter much 
whether we use log3f or 3f itself for the interpolation).

The result shows that the optimum acceptance number for 3/ = 30 is c = 6.
By linear interpolation with respect to r we get from the tables for c = 6
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r mcl mcw

3.0 2.86 2.92
4.0 2.52 2.58

3.5 2.69 2.75 Interpolation
.3.5 2.68 2.75 Exact

Finally, linear interpolation to M = 30 between (29.3, 2.69), and (38.5, 2.75) 
leads to the plan (2.69, 6) as compared to the exact solution (2.68, 6).

Suppose now that the problem is to find mcu for c = 6 corresponding to r = 15 
from the values for r = 10 and 25, viz. 1.5-1 and 0.84. Linear interpolation gives 1.31, 
which differs rather much from the correct result 1.19. Noting that df1 for r = 10, 
15, 25 equals 0.2558, 0.1934, 0.1341, we obtain by linear interpolation mcu = 1-18.

Use of the asymptotic expansions.
To make the asymptotic expansions given in Section 9 easier to use the most 

important coefficients have been tabulated. We shall summarize the procedure below.
Construction of a table of optimum sampling plans. For successive values of c, 

c = 0,1,2,. . ., compute 777(c) and m(c + 0.5) from

Compute M(c + 0.5) from

ln(.VZ - m) = eom + ylnm

with m = m(c + 0.5). Finally, mci is determined from 

(97)

(98)

(99)

and mcu is obtained by changing the sign of the correction term above.

Construction of isolated sampling plans. Determine m(M) from

eom = /’(J/) - p(J/)|h - 0.51n t’o + ^ °j^ln — j - lnyi|, (100)

and then

c(M) = 777(Jf)d0 + dg + O117’)-ql11 ~
\ ?2

4*
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Round c(M) to the nearest integer, c say, and determine m(c) from (97) and 
3/(c) from (98) with in = in(c). Finally, the sample size is found from

in so m(c) + {M —J/(c))/{rJ/(c)}.

Ex ample 5.
Suppose that we want to determine the optimum sampling for M = 100, yi = 1,

72 = 0.65 and r = 5.5 without using the tables of optimum sampling plans. From

Table of constants in the asymptotic relation between c and in.

r <4

c = mdQ + d* + (lnr)-l
'm71)

7'2 '

(lnr)- 1 cr10

1.5 1.2332 — 0.5006 2.46630 0.81093
2.0 1.4427 - 0.5017 1.44270 0.69315
2.5 1.6370 - 0.5029 1.09136 0.61086

3.0 1.8205 - 0.5041 0.91024 0.54931
3.5 1.9956 - 0.5053 0.79824 0.50111
1.0 2.1640 - 0.5065 0.72135 0.46210
4.5 2.3270 - 0.5076 0.66486 0.42974
5.0 2.4853 - 0.5087 0.62133 0.40236
5.5 2.6397 - 0.5097 0.58660 0.37883
6.0 2.7906 - 0.5107 0.55811 0.35835
6.5 2.9383 - 0.5117 0.53424 0.34033
7.0 3.0834 - 0.5126 0.51390 0.32432
7.5 .3.2260 - 0.5134 0.49630 0.30999
8.0 3.3663 - 0.5142 0.48090 0.29706
8.5 3.5046 - 0.5150 0.46728 0.28534
9.0 3.6410 - 0.5158 0.45512 0.27465
9.5 3.7756 - 0.5166 0.44419 0.26486

10.0 3.9087 - 0.5173 0.43429 0.25584

11.0 4.1703 - 0.5186 0.41703 0.23979
12.0 4.4267 - 0.5199 0.40243 0.22590
13.0 4.6785 - 0.5211 0.38987 0.21375
14.0 4.9260 - 0.5223 0.37892 0.20300
15.0 5.1698 - 0.5233 0.36927 0.19343
16.0 5.4101 - 0.5244 0.36067 0.18484
17.0 5.6473 — 0.5253 0.35296 0.17708
18.0 5.8816 - 0.5263 0.34598 0.17002
19.0 6.1132 - 0.5272 0.33962 0.16358
20.0 6.3424 - 0.5280 0.33381 0.15767
21.0 6.5692 - 0.5289 0.32846 0.15223
22.0 6.7938 - 0.5297 0.32352 0.14719
23.0 7.0164 - 0.5304 0.31893 0.14252
24.0 7.2371 - 0.5312 0.31466 0.13818
25.0 7.4560 - 0.5319 0.31067 0.13412
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(100), In(yi//2) = 0.43078 and the auxiliary tables we find m(Jf) = {3.9245 —
0.89143(0.6824 + 0.56939x0.43078)}/0.92255 = 3.358, such that c(M) = 3.358x2.640
-0.5097 + 0.5866x0.4308 = 8.61, which gives c = 9. Now m(9) is determined as
;n(9) = (9 + 0.5097 - 0.5866x0.4308)/2.6397 = 3.507, and .1/(9) is found from
In (J/ — 3.507) = 0.9226x3.507 + 0.6274 + 0.6421 + 0.5694x0.4308 = 4.750, such that 
we have M(9) = 115.6 and finally m = 3.507 + (100 - 115.6)/(5.5 x 115.6) = 3.48.

Table of constants in the asymptotic relation between M and m.

ln(Af — m) = eø/n ++/i + I ——Hin — I—lnyp 

eom = f(M) - - 0.5 In r0 + | | | ln^~ j - In

r e0 h (lnd0)/(inr) h - 0.5(lne0)

1.5 0.025284 2.4129 0.51687 4.2517
2.0 0.086071 1.8036 0.52877 3.0299
2.5 0.16984 1.4675 0.53792 2.3539

3.0 0.27017 1.2391 0.54532 1.8935
3.5 0.38324 1.0680 0.55153 1.5475
4.0 0.50655 0.9321 0.55686 1.2721
4.5 0.63834 0.8198 0.56153 1.0443
5.0 0.77734 0.7246 0.56567 0.8505

5.5 0.92255 0.6421 0.56939 0.6824
6.0 1.0732 0.5694 0.57276 0.5341
6.5 1.2287 0.5046 0.57583 0.4016
7.0 1.3886 0.4462 0.57866 0.2820
7.5 1.552 1 0.3931 0.58128 0.1732

8.0 1.7197 0.3444 0.58372 0.0733
8.5 1.8904 0.2995 0.58599 - 0.0189
9.0 2.0641 0.2579 0.58813 - 0.1044
9.5 2.2405 0.2192 0.59013 - 0.1842

10.0 2.4196 0.1829 0.59203 - 0.2589

11.0 2.7849 0.1168 0.59552 - 0.3953
12.0 3.1587 0.0578 0.59868 - 0.5173
13.0 3.5403 0.0045 0.60156 - 0.6276
14.0 3.9286 - 0.0441 0.60420 - 0.7282
15.0 4.3233 - 0.0886 0.60665 - 0.8206

16.0 4.7236 - 0.1297 0.60891 - 0.9060
17.0 5.1292 - 0.1678 0.61103 - 0.9853
18.0 5.5396 - 0.2034 0.61301 - 1.0594
19.0 5.9545 - 0.2368 0.61487 - 1.1288
20.0 6.3736 - 0.2681 0.61663 - 1.1942

21.0 6.7966 - 0.2976 0.61829 - 1.2558
22.0 7.2232 - 0.3256 0.61986 - 1.3143
23.0 7.6534 - 0.3521 0.62136 - 1.3697
24.0 8.0868 - 0.3774 0.62278 - 1.4225
25.0 8.5233 - 0.4014 0.62414 - 1.4728
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f(M) = lnM-1 (lnlnM)ø(M). <7(.W) = 1 - (21nM)-!.

M f(M) 17 (M) M

2.0 0.7442 0.27865 7.0 1.6986 0.74305
2.1 0.7906 0.32609 7.1 1.7094 0.74491
2.2 0.8319 0.36585 7.2 1.7202 0.74672
2.3 0.8694 0.39969 7.3 1.7307 0.74848
2.4 0.9040 0.42888 7.4 1.7412 0.75018

2.5 0.9361 0.45432 7.5 1.7515 0.75185
2.6 0.9664 0.47672 7.6 1.7618 0.75347
2.7 0.9949 0.49660 7.7 1.7718 0.75505
2.8 1.0221 0.51438 7.8 1.7818 0.75659
2.9 1.0481 0.53039 7.9 1.7917 0.75809

3.0 1.0730 0.54488 8.0 1.8014 0.75955
3.1 1.0970 0.55807 8.1 1.8110 0.76098
3.2 1.1201 0.57013 8.2 1.8206 0.76237
3.3 1.1424 0.58121 8.3 1.8300 0.76373
3.4 1.1641 0.59143 8.4 1.8393 0.76506

3.5 1.1851 0.60088 8.5 1.8485 0.76636
3.6 1.2055 0.60966 8.6 1.8576 0.76763
3.7 1.2253 0.61783 8.7 1.8667 0.76887
3.8 1.2446 0.62547 8.8 1.8756 0.77009
3.9 1.2635 0.63262 8.9 1.8844 0.77128

4.0 1.2819 0.63933 9.0 1.8932 0.77244
4.1 1.2998 0.64564 9.1 1.9019 0.77358
4.2 1.3174 0.65159 9.2 1.9104 0.77469
4.3 1.3346 0.65721 9.3 1.9189 0.77579
4.4 1.3514 0.66253 9.4 1.9273 0.77686

4.5 1.3678 0.66757 9.5 1.9357 0.77791
4.6 1.3840 0.67236 9.6 1.9439 0.77893
4.7 1.3998 0.67691 9.7 1.9521 0.77994
4.8 1.4153 0.68125 9.8 1.9602 0.78093
4.9 1.4305 0.68538 9.9 1.9682 0.78190

5.0 1.4454 0.68933 10.0 1.9761 0.78285
5.1 1.4601 0.69311 10.2 1.9918 0.78470
5.2 1.4745 0.69672 10.4 2.0072 0.78649
5.3 1.4887 0.70019 10.6 2.0223 0.78821
5.4 1.5026 0.70351 10.8 2.0372 0.78988

5.5 1.5163 0.70670 11.0 2.0518 0.79148
5.6 1.5297 0.70977 11.2 2.0662 0.79304
5.7 1.5430 0.71272 11.4 2.0803 0.79454
5.8 1.5560 0.71556 11.6 2.0942 0.79600
5.9 1.5689 0.71830 11.8 2.1079 0.79741

6.0 1.5815 0.72094 12.0 2.1214 0.79879
6.1 1.5940 0.72350 12.2 2.1346 0.80011
6.2 1.6063 0.72596 12.4 2.1477 0.80141
6.3 1.6184 0.72834 12.6 2.1606 0.80266
6.4 1.6303 0.73065 12.8 2.1733 0.80388

6.5 1.6421 0.73288 13.0 2.1858 0.80506
6.6 1.6537 0.73504 13.2 2.1981 0.80622
6.7 1.6651 0.73713 13.4 2.2103 0.80734
6.8 1.6764 0.73917 13.6 2.2223 0.80843
6.9 1.6876 0.74114 13.8 2.2341 0.80950
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f(A/) = InM - j (In InM)g(M). g(M) = 1 - (21nM)-l.

M f(M) M /W) <7 (A/)

14.0 2.2458 0.81054 40.0 3.1247 0.86446
14.2 2.2573 0.81155 41.0 3.1459 0.86536
14.4 2.2687 0.81254 42.0 3.1666 0.86623
14.6 2.2799 0.81350 43.0 3.1869 0.86706
14.8 2.2910 0.81445 44.0 3.2067 0.86787

15.0 2.3019 0.81537 45.0 3.2261 0.86865
15.2 2.3127 0.81626 46.0 3.2450 0.86941
15.4 2.3234 0.81714 47.0 3.2636 0.87013
15.6 2.3339 0.81800 48.0 3.2818 0.87084
15.8 2.3444 0.81884 49.0 3.2997 0.87153

16.0 2.3547 0.81966 50.0 3.3172 0.87219
16.2 2.3648 0.82047 51.0 3.3343 0.87283
16.4 2.3749 0.82126 52.0 3.3512 0.87346
16.6 2.3848 0.82203 53.0 3.3677 0.87406
16.8 2.3947 0.82278 54.0 3.3839 0.87465

17.0 2.4044 0.82352 55.0 3.3999 0.87523
17.2 2.4140 0.82425 56.0 3.4155 0.87579
17.4 2.4235 0.82496 57.0 3.4309 0.87633
17.6 2.4330 0.82566 58.0 3.4461 0.87686
17.8 2.4423 0.82634 59.0 3.4610 0.87738

18.0 2.4515 0.82701 60.0 3.4756 0.87788
18.2 2.4606 0.82767 61.0 3.4900 0.87837
18.4 2.4696 0.82832 62.0 3.5042 0.87885
18.6 2.4786 0.82895 63.0 3.5182 0.87932
18.8 2.4874 0.82958 64.0 3.5319 0.87978

19.0 2.4962 0.83019 65.0 3.5455 0.88022
19.2 2.5048 0.83079 66.0 3.5588 0.88066
19.4 2.5134 0.83138 67.0 3.5720 0.88109
19.6 2.5219 0.83196 68.0 3.5849 0.88150
19.8 2.5304 0.83253 69.0 3.5977 0.88191

20.0 2.5387 0.83310 70.0 3.6103 0.88231
21.0 2.5793 0.83577 71.0 3.6228 0.88270
22.0 2.6181 0.83824 72.0 3.6350 0.88309
23.0 2.6552 0.84054 73.0 3.6471 0.88346
24.0 2.6909 0.84267 74.0 3.6591 0.88383

25.0 2.7252 0.84467 75.0 3.6708 0.88419
26.0 2.7582 0.84654 76.0 3.6825 0.88455
27.0 2.7900 0.84829 77.0 3.6940 0.88489
28.0 2.8207 0.84995 78.0 3.7053 0.88523
29.0 2.8504 0.85151 79.0 3.7165 0.88557

30.0 2.8791 0.85299 80.0 3.7276 0.88590
31.0 2.9069 0.85440 81.0 3.7385 0.88622
32.0 2.9339 0.85573 82.0 3.7493 0.88654
33.0 2.9601 0.85700 83.0 3.7600 0.88685
34.0 2.9856 0.85821 84.0 3.7705 0.88715

35.0 3.0103 0.85937 85.0 3.7809 0.88745
36.0 3.0344 0.86047 86.0 3.7913 0.88775
37.0 3.0578 0.86153 87.0 3.8014 0.88804
38.0 3.0807 0.86255 88.0 3.8115 0.88833
39.0 3.1029 0.86352 89.0 3.8215 0.88861



Nr. 7Table of /(M) and g(M).

f(M) = In 3/ - 1 (lnln M) g(M). <7(.W) = 1 - (21n37)-l.

M f(M) 17 (M) M /W 17 (A/)

90.0 3.8314 0.88888 500 5.3746 0.91954
91.0 3.8411 0.88916 510 5.3928 0.91980
92.0 3.8508 0.88942 520 5.4105 0.92005
93.0 3.8603 0.88969 530 5.4279 0.92029
94.0 3.8698 0.88995 540 5.4450 0.92053

95.0 3.8791 0.89020 550 5.4618 0.92076
96.0 3.8884 0.89046 560 5.4783 0.92099
97.0 3.8975 0.89070 570 5.4945 0.92121
98.0 3.9066 0.89095 580 5.5105 0.92142
99.0 3.9156 0.89119 590 5.5261 0.92163
100 3.9245 0.89143 600 5.5415 0.92184
110 4.0090 0.89363 610 5.5567 0.92204
120 4.0863 0.89556 620 5.5716 0.92224
130 4.1575 0.89728 630 5.5863 0.92243
140 4.2236 0.89882 640 5.6007 0.92262

150 4.2853 0.90021 650 5.6150 0.92280
160 4.3430 0.90148 660 5.6290 0.92298
170 4.3973 0.90264 670 5.6428 0.92316
180 4.4486 0.90372 680 5.6564 0.92334
190 4.4972 0.90471 690 5.6698 0.92351
200 4.5433 0.90563 700 5.6830 0.92368
210 4.5872 0.90649 710 5.6960 0.92384
220 4.6291 0.90730 720 5.7089 0.92400
230 4.6692 0.90806 730 5.7216 0.92416
240 4.7076 0.90877 740 5.7341 0.92132
250 4.7445 0.90944 750 5.7464 0.92447
260 4.7800 0.91008 760 5.7586 0.92462
270 4.8141 0.91069 770 5.7706 0.92477
280 4.8470 0.91127 780 5.7825 0.92492
290 4.8788 0.91181 790 5.7942 0.92506
300 4.9095 0.91234 800 5.8058 0.92520
310 4.9393 0.91284 810 5.8172 0.92534
320 4.9681 0.91332 820 5.8285 0.92548
330 4.9960 0.91378 830 5.8396 0.92561
340 5.0231 0.91422 840 5.8507 0.92574
350 5.0495 0.91465 850 5.8616 0.92587
360 5.0751 0.91505 860 5.8723 0.92600
370 5.1000 0.91545 870 5.8830 0.92613
380 5.1243 0.91583 880 5.8935 0.92625
390 5.1479 0.91619 890 5.9039 0.92638
400 5.1710 0.91655 900 5.9142 0.92650
410 5.1935 0.91689 910 5.9244 0.92662
420 5.2155 0.91722 920 5.9345 0.92673
430 5.2369 0.91754 930 5.9444 0.92685
440 5.2579 0.91785 940 5.9543 0.92696
450 5.2784 0.91816 950 5.9641 0.92708
460 5.2985 0.91845 960 5.9737 0.92719
470 5.3181 0.91874 970 5.9833 0.92730
480 5.3373 0.91901 980 5.9927 0.92741
490 5.3562 0.91928 990 6.0021 0.92751
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.040.

r= 2.00 r = 2.25 r = 2.50

C M SAMPLE SIZE M SAMPLE SI ZE M SAMPLE S IZ E

266 ACCEPT
11 270 4.91 4.92
12 297 5 .49 5.53
13 366 ACCEPT 329 6.10 6.14
14 367 6. 86 6. 86 366 6.71 6.75

15 396 7. 49 7.51 408 7.32 7.36
16 428 8.13 8.16 455 7.93 7.97
17 464 8. 78 8. 81 508 8 .54 8.58
18 5C5 9.43 9.46 568 9.15 9.19
19 543 ACCEPT 549 10.1 10. 1 636 9.76 9.80

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.040.

r = 2.75 r = 3.00 r = 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

112 ACCEPT
6 121 2.00 2.02
7 163 ACCEPT 146 2.47 2.52
8 204 ACCEPT 177 3.08 3. 10 178 2.97 3.02
9 209 3.69 3.69 204 3.61 3.65 218 3.46 3.51

10 235 4.23 4.27 237 4.16 4.2 0 268 3.96 4.01
11 266 4.81 4.85 277 4-70 4. 75 331 4.46 4.51
12 303 5.38 5.42 325 5.25 5.29 408 4.96 5.01
13 346 5.96 6.CC 382 5. 80 5. 84 504 5.46 5.51
14 3 96 6.54 6.58 449 6.35 6.39 623 5.96 6.01

15 453 7.11 7.15 528 6. 89 6. 94 768 6.46 6.51
16 520 7.69 7.73 621 7.44 7.49 948 6.96 7 .0 1
17 597 8.27 8.31 73C 7. 99 8.04 1170 7.47 7.52
18 685 8.85 8.89 859 8. 54 8.58 1440 7.97 8.02
19 786 9.42 9.46 1C1C 9. 09 9.13 1780 8.47 8.52

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 7.



58 y2 = 0.040. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.040.

r = 4.00 r = 5.00 r = 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

31.7 ACCEPT
3 52. 3 ACCE PT 45.1 3.605 0 .660
4 82.8 ACCEPT 67.8 1.01 1. 06 70.3 0.927 0 .996

5 93 .8 1.49 1.52 93. 9 1.39 1.46 111 1.26 1.33
6 1 18 1.92 1.98 132 1.79 1.86 176 1.60 1.67
7 152 2-38 2.44 185 2.19 2.26 279 1.94 2.0 1
8 195 2.84 2.90 262 2.59 2. 66 441 2.28 2.35
9 252 3.30 3.36 369 3.00 3. 06 695 2.62 2.69

10 3 26 3.76 3.82 51 9 3.40 3.46 1090 2.96 3.03
1 1 421 4.22 4.28 731 3. 80 3. 86 1720 3.30 3.37
12 544 4.69 4.74 1 030 4.20 4.26 2700 3.64 3.7 1
13 703 5.15 5.20 1440 4. 60 4.66 4220 3.98 4.05
14 909 5.61 5.66 2030 5. 01 5. 07 6600 4.32 4.39

15 1170 6.C7 6.13 284C 5.41 5.47 10300 4.66 4.73
16 1510 6.53 6.59 3970 5. 81 5. 87
17 1950 6.99 7.05 5560 6.21 6.27
18 2520 7.46 7.51 777C 6. 61 6. 67
19 3240 7.92 7.97 1C9CC 7. 02 7. 08

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.040.

r =10.00 r=15.00 r =25.00

C M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

7.40 ACCEPT 3.67 ACCEPT
1 15 .0 ACCEPT 10. 8 0. 0868 0.11 0 9.58 0.0620 0 .10 3
2 25.3 0.278 0.234 26. 5 0.229 0.295 34.0 0.176 0 .232
3 49 .6 0.513 0.584 66. 8 0.419 0.485 119 0.310 0 .364
4 98.1 0.766 0.836 167 0.612 0.676 409 0.445 0 .497

5 194 1.02 1.09 414 0.806 0.868 1390 0 .579 0 .630
6 380 1.28 1.34 1020 0. 999 1.06 4670 0.713 0 .764
7 744 1.53 1.60 2490 1.19 1.25 15600 0.847 0 .898
8 1450 1.79 1.85 6050 1.39 1-45
9 2810 2.04 2.11 14600 1.58 1.64

10 5440 2.30 2.36
1 1 10500 2.56 2.62
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.065.

r= 2.00

C M SAMPLE SIZE

r = 2.25

M SAMPLE SI ZE

9

10
11
12
13

15 290 ACCEPT
16 302 8.72 8.73
17 321 9.40 9.43
18 342 10.1 10.1
19 365 10.8 10.8

196 ACCEPT
211 5. 93 5. 96
229 6. 58 6.60
251 7.22 7.25

274 7. 87 7. 90
3C0 8.52 8.55
329 9. 16 9.20
361 9. 81 9. 84
396 10.5 10. 5

r = 2.50

M S AMPLE S IZ E

142 ACCEPT
149 4.01 4.02

166 4.60 4.63
185 5.20 5.24
2 08 5.81 5.85
233 6.42 6.46
262 7.03 7.07

295 7.64 7.68
332 8.25 8.29
374 8.86 8 .90
421 9.47 9.51
474 10.1 10.1

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.065.

r = 2.75 r = 3. 00 r = 3.50

C M SAMPLE SIZE M SAMPLE SI ZE M SAMPLE SIZE

59.4 ACCEPT

5 86.6 ACCEPT 68.7 1.68 1.71
6 109 ACCEPT 89.9 2.24 2.25 84.6 2.16 2.21
7 no 2.81 2.82 105 2.75 2. 80 105 2.66 2.71
8 125 3.35 3.39 123 3.30 3.35 131 3.15 3.21
9 143 3.93 3.97 146 3.85 3. 89 163 3.65 3.71

10 165 4.50 4.55 172 4.39 4.44 203 4.15 4.21
11 190 5.08 5.12 204 4. 94 4. 99 252 4.65 4.71
12 2 20 5.66 5.70 242 5.49 5.54 314 5.15 5.21
13 254 6.23 6.28 286 6. 04 6. 08 389 5.66 5.71
14 293 6.81 6.85 339 6.59 6. 63 483 6.16 6.21

15 338 7.39 7.43 401 7.14 7. 18 599 6.66 6.71
16 39o 7.97 8.01 474 7.68 7.73 742 7.16 7.21
17 4 50 8.54 8.59 560 8.23 8.2 8 918 7.66 7.71
18 519 9.12 9.16 662 8.78 8. 83 1140 8.16 8.21
19 5 99 9.70 9.74 782 9.33 9.38 1400 8 .66 8.71

5*



60 y2 = 0.065. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.065.

r = 4.00 r = 5.00 r = 6.50

C M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

16.3 ACCEPT
2 27. 4 accept 20.9 0.379 0 .415
3 43.9 ACCEPT 34. 8 0.738 0 .783 33.5 0 .675 0 .747
4 51.5 1-19 1.22 49.4 1.11 1.18 54.2 1.01 1.08

5 66.4 1.62 1.68 70. 6 1.51 1.58 87.3 1.35 1.42
6 86 .6 2.C8 2.14 101 1.91 1.98 140 1.69 1.76
7 113 2.54 2.60 144 2.31 2.38 224 2.03 2.10
8 148 3.00 3.C6 205 2.71 2. 78 356 2.37 2.44
9 193 3.46 3.52 292 3.12 3.18 564 2.71 2.77

10 252 3.92 3.98 413 3.52 3.58 891 3.05 3.11
11 328 4.38 4.44 584 3. 92 3. 98 1400 3.39 3.45
12 426 4.85 4.90 825 4-32 4. 3 8 2210 3.73 3.79
13 553 5.31 5.36 1160 4. 72 4.79 3470 4.07 4.13
14 717 5.77 5.82 1630 5.13 5.19 5430 4.41 4.47

15 9 29 6.23 6.29 2300 5. 53 5.59 8490 4.75 4.81
16 1200 6.69 6.75 3220 5. 93 5.99 13300 5 .09 5.15
17 1550 7.16 7.21 4510 6.33 6.39
18 2010 7.62 7.67 6320 6. 74 6.79
19 2590 8.08 8.13 8840 7.14 7.2 0

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.065.

r =10.00 r =15.00 r = 25 .00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.50 ACCEPT
0 7.46 ACCEPT 3.98 ACCEPT 2-17 0.0000 0 .0052
1 9.63 0.119 0.142 8.13 0.0955 0.143 7.77 0.0651 0 .122
2 19.4 0.312 0.3g6 21.4 0.260 0.329 28.6 0.195 0.252
3 39.5 0.563 0.636 55.2 0. 453 0.51 9 101 0.330 0 .384
4 79 .6 0.818 0.889 140 0. 646 0.710 351 0 .465 0 .517

5 159 1.07 1.14 348 0. 840 0.902 1200 0 .599 0 .650
6 314 1.33 1.40 861 1.03 1. 09 4030 0.733 0 .784
7 617 1.59 1.65 2110 1.23 1.29 135Q0 0 .867 0 .9 18
8 1210 1.84 1.51 514C 1.42 1.48
9 2350 2.10 2.16 125CC 1.61 1.67

10 4560 2.35 2.42
11 8800 2.61 2.67
12 17000 2.86 2.93



Nr. 7 y2 = 0.10 61

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.10.

r = 2.00 r = 2.25 r = 2.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

78.6 ACCEPT
7 83.4 3.07 3.09
8 108 ACCEPT 94.1 3.66 3.70
9 113 4. 34 4. 36 107 4.27 4.31

10 125 4.97 5. 01 121 4.88 4.92
11 161 ACCEPT 137 5.62 5.65 137 5.49 5.53
12 163 6.39 6.40 151 6.27 6.3 0 156 6.10 6.14
13 174 7.06 7.C9 167 6. 91 6.95 177 6.70 6.74
14 186 7.75 7.78 185 7. 56 7.60 200 7.31 7.35

15 200 8.44 8.47 204 8. 21 8.24 227 7.93 7.96
16 215 9.14 9.16 225 8. 86 8.89 257 8.54 8 .57
17 231 9.83 9.86 249 9.51 9. 54 291 9.15 9.18
18 248 10.5 10.5 274 10.2 10.2 328 9.76 9.79
19 267 11.2 11.2 302 10. 8 10. 8 371 10.4 10 .4

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.10.

r = 2.75 r = 3.00 r= 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZE

32.8 ACCEPT
4 47. 8 accept 40.0 1.34 1.39

5 60.2 ACCEPT 54.0 1.89 1. 92 50.5 1.83 1.89
6 67 .6 2.45 2.49 64. 5 2.42 2.47 64.0 2.32 2 .38
7 78.5 3.02 3.06 77.3 2. 96 3.01 80.9 2.82 2.88
8 91.5 3.59 3.64 92-7 3. 51 3.56 102 3.32 3.38
9 107 4.17 4.22 111 4. 06 4.11 128 3.82 3.88

10 125 4.75 4.79 133 4. 60 4.65 161 4.32 4.38
1 1 145 5.32 5.37 159 5.15 5.20 201 4.82 4.88
12 169 5.90 5.94 189 5. 70 5. 75 252 5.33 5.38
13 197 6.48 6.52 226 6.25 6.3 0 314 5-83 5.88
14 228 7.06 7.10 268 6.80 6.85 390 6.33 6.38

15 265 7.63 7.68 319 7.35 7.40 485 6.83 6.88
16 307 8.21 8.25 378 7. 90 7. 94 603 7.33 7.38
17 356 8.79 8.83 44 9 8.45 8.49 747 7.83 7.88
18 412 9.37 9.41 531 9. 00 9. 04 926 8.33 8.38
19 476 9.94 9.99 629 9. 55 9.5 9 1150 8 .83 8.88



62 y 2 = 0.10. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.10.

r = 4.00 r = 5.00 r = 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M s ample S IZ E

8.95 ACCEPT
1 14.8 ACCEPT 9.61 0.158 0.167
2 24.0 ACCEPT 17.9 0.463 0.497 15.8 0 .415 0 .492
3 28 .6 0.871 0 .911 26.2 0. 816 0. 889 26.5 0.746 0 .824
4 38 .0 1.30 1.37 38. 5 1.21 1.29 43.9 1 .09 1.16

5 50.7 1.76 1.82 56. 2 1.61 1.68 71.6 1.43 1.50
6 67.5 2.22 2.28 81.4 2. 02 2. 08 116 1.77 1.84
7 89.4 2.68 2.74 117 2.42 2.48 186 2.11 2.17
8 118 3.14 3.2C 168 2. 82 2. 88 297 2.45 2.51
9 155 3.60 3.66 240 3.22 3.29 472 2.79 2.85

10 203 4.06 4.12 341 3.62 3.69 748 3.13 3.19
1 1 266 4.53 4.58 483 4. 03 4. 09 1180 3.47 3.53
12 347 4.99 5.04 683 4.43 4. 49 1860 3.81 3.87
13 452 5.45 5.51 965 4. 83 4. 89 2920 4.15 4.21
14 587 5.91 5.97 1360 5.23 5.29 4590 4.49 4.55

15 762 6.37 6.43 1910 5. 64 5.70 7180 4.83 4.89
16 988 6.84 6.89 2690 6. 04 6. 1 0 11200 5.17 5.23
17 1280 7.30 7.35 3770 6. 44 6. 50
18 1660 7.76 7.81 528C 6. 84 6. 90
19 2140 8.22 8.28 74CC 7.25 7. 30

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.10.

r =10.00 r =15.00 r=25.00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.80 ACCEPT 0.600 ACCEPT
0 4.09 ACCEPT 2.40 0. 0000 0 . 0060 1.58 0.0000 0. 0186
1 7.29 0.133 0.187 6.60 0.101 0.172 6.61 0.0765 0 .138
2 15.7 0.353 0.432 1 8. 1 0.288 0.358 24.8 0 .213 0 .269
3 32.8 0.609 0.683 47. 1 0.483 0.548 88.5 0.348 0 .40 1
4 66.9 0.865 0.936 120 0.677 0.740 308 0 .482 0 .534

5 134 1.12 1.19 301 0. 870 0.932 IO5O 0 .617 0 .668
6 267 1.38 1.44 745 1.06 1.12 3560 0.751 0 .801
7 526 1.63 1.70 1 830 1.26 1.32 11900 0.885 0 .935
3 1030 1.89 1.95 4470 1.45 1. 51
9 2010 2.15 2.21 10900 1.64 1.70

10 3910 2.40 2.46
1 1 7560 2.66 2.72
12 146C0 2.91 2.98



Nr. 7 y 2 = 0.15 63

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. Y2 = °-15-

r= 2.00 r = 2.25 r = 2.50

c M SAMPLE SIZE M SAMPLE SI ZE M SAMPLE S IZE

42.9 ACCEPT

5 45.6 2.13 2.15
6 59. 5 ACCE PT 52.5 2.71 2.75
7 65. 6 3. 36 3.39 60.7 3.31 3.36
8 88 .7 ACCEPT 73. 3 4. 00 4. 04 70.0 3.92 3.97
9 91.3 4.72 4.73 82. 1 4.64 4. 68 80.7 4.53 4.58

10 98 .8 5.39 5.42 91. 9 5.29 5.33 92.7 5.14 5.19
11 107 6.08 6.11 103 5. 94 5. 98 106 5.75 5 «79
12 116 6.77 6.80 115 6. 59 6.62 122 6.36 6.40
13 126 7.46 7.49 128 7.23 7.27 139 6.97 7.01
14 137 8.15 8.18 142 7. 88 7. 92 159 7.58 7.62

15 149 8.85 8.88 158 8.53 8.57 180 8.19 8.23
16 161 9.54 9.57 176 9.18 9.21 205 8.80 8.84
17 175 10.2 10.3 195 9. 83 9. 86 233 9.41 9.45
18 189 10.9 11.C 216 10. 5 10.5 264 10 .0 10.1
19 205 11.6 11.6 239 11.1 11.2 299 10.6 10 .7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.15.

r = 2.75 r = 3. 00 r= 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

26. C ACCEPT 17.8 ACCEPT
3 32.7 ACCEPT 26. 6 1.03 1.04 23.0 0.992 1.06
4 35.2 1.55 1.57 32. 5 1.52 1.58 30.1 1.48 1.55

5 41.8 2.09 2.15 4C. C 2. 06 2.12 39.2 1.98 2.0 5
6 49.8 2.67 2.72 49. C 2.61 2 • 67 50.5 2.48 2.54
7 59.3 3.24 3.29 5Ç. 9 3.16 3.21 64.7 2.98 3.04
8 70 .3 3.82 3.87 72. 8 3. 71 3. 76 82.3 3.48 3.54
9 83.1 4.40 4.45 88. 1 4. 26 4. 31 104 3.98 4.04

10 97.9 4.97 5.C2 106 4. 80 4. 86 131 4.48 4.54
1 1 115 5.55 5.60 128 5.35 5.40 165 4.98 5.04
12 135 6.13 6.18 153 5. 90 5.95 207 5.49 5.54
13 158 6.71 6.75 183 6.45 6.50 258 5.99 6.04
14 184 7.29 7.33 218 7. 00 7. 05 322 6.49 6.54

15 214 7.86 7.91 260 7. 55 7.60 402 6.99 7.04
16 2 49 8.44 8.48 31C 8.10 8.15 499 7.49 7.54
17 289 9.C2 9.C6 368 8. 65 8. 69 620 7.99 8 .04
18 335 9.60 9.64 436 9.20 9.2 4 770 8.49 8.54
19 388 1C .2 1C.2 517 9.75 9. 79 954 8.99 9.04



64 y 2 = 0.15. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT. PRIOR. y2 = 0.15.

r = 4 . C 0 r = 5.00 r = 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

7.89 ACCEPT 4.60 ACCEPT
1 12.8 ACCEPT 8.70 0.198 0.213 7.02 0 .183 0 .239
2 15.5 0.554 0 .594 13. 5 0.514 0.597 12.6 0 .475 0 .563
3 21.5 0.969 1.04 20. 7 0. 908 0.989 21.8 0 .815 0 .896
4 29 .7 1.43 1.50 31.2 1.31 1.39 36.6 1.16 1.23

5 40.4 1.89 1.96 46.2 1.71 1.78 60.2 1.50 1.57
6 54.5 2.35 2.42 67.4 2.12 2.18 97.8 1.84 1.91
7 72 .9 2.81 2.87 97.6 2. 52 2. 58 158 2.18 2.25
8 96 .8 3.27 3.34 140 2.92 2. 98 252 2.52 2.59
9 128 3.74 3.80 201 3. 32 3.39 402 2.86 2.93

10 168 4.20 4.26 286 3. 72 3. 79 637 3.20 3.26
11 2 20 4.66 4.72 407 4.13 4. 19 1010 3.54 3.60
12 288 5.12 5.18 576 4. 53 4.59 1590 3.88 3.94
13 376 5.58 5.64 815 4. 93 4. 99 2500 4.22 4.28
14 490 6-05 6.10 1150 5. 33 5. 39 3930 4.56 4.62

15 637 6.51 6.56 1620 5.74 5.80 6150 4.90 4.96
16 8 27 6.97 7.02 2280 6.14 6. 2 0 9620 5.24 5.31
17 1070 7.43 7.49 32CC 6. 54 6. 60 15000 5.58 5.65
18 1390 7.89 7.95 4480 6. 94 7. 00
19 1790 8.36 8.41 6280 7.35 7. 40

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.15.

r =10.00 r =15. 00 r =25.00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.70 ACCEPT 0.680 ACCEPT 0.309 ACCEPT
0 2.46 0.0000 0. 0114 1.72 0.COCO 0 . 0276 1.29 0.0000 0. 0319
1 5.89 0.142 0 .230 5.58 0.118 0.199 5.77 0.0912 0 .154
2 13.2 0.394 0 . 475 15.6 0. 316 0.386 21.8 0.229 0 .285
3 27.9 0 .652 0 .727 4 0. 9 0.511 0.577 78.3 0.365 0 .418
4 57 .3 0.SC9 0 . 980 105 0.705 0.768 273 0 .499 0 .551

5 116 1.17 1.23 263 0-899 0.961 936 0.634 0 .684
6 2 30 1.42 1.49 653 1.09 1.15 3170 0.768 0 .818
7 455 1.68 1.74 1610 1.29 1. 35 10600 0 .902 0 .952
8 893 1.93 2.00 3930 1.48 1. 54
9 1740 2.19 2.25 9540 1.67 1. 73

10 3390 2.45 2.51 23100 1.87 1. 93
11 6 5 70 2.70 2.77
12 12700 2.96 3.02



Nr. 7 y 2 = 0.25. 65

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.25.

r= 2.00 F = 2.25 r= 2.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

17.7 ACCEPT
3 24. 7 ACCEPT 20.6 1.23 1.28
4 37.2 ACCEPT 28.1 1.82 1.87 25.1 1.82 1.88

5 38 .4 2.47 2.48 32. 9 2.46 2.51 30.4 2.42 2.49
6 4? .0 3.12 3.17 38.2 3.10 3.15 36.4 3.03 3.09
7 48.1 3.81 3.86 44.2 3.75 3.80 43.2 3.64 3.70
8 53.8 4.50 4.55 5C. 8 4.40 4.44 50.8 4.25 4.31
9 59 .9 5.19 5.24 58. C 5. 04 5. 09 59.4 4.87 4.92

10 66.4 5.89 5.93 66. 0 5. 69 5.74 69.1 5.48 5.52
11 73.5 6.58 6.62 74. 7 6.34 6.38 79.9 6.09 6.13
12 81.1 7.27 7.31 84. 3 6. 99 7. 03 92.1 6.70 6 .74
13 89.2 7.96 8.CO 94. 7 7. 64 7. 68 106 7.31 7.35
14 97 .9 8-66 8.69 106 8.29 8.33 121 7.92 7.96

15 107 9.35 9.38 119 8. 94 8. 97 138 8.53 8.57
16 117 10.0 10.1 133 9. 58 9. 62 158 9.14 9.18
17 128 1C.7 10.8 148 10.2 10. 3 180 9.75 9.79
18 139 11.4 11.5 164 10.9 10. 9 204 10 .4 10 .4
19 151 12.1 12.2 182 11.5 11.6 232 11.0 11.0

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.25.

r = 2.75 r = 3.00 r = 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

6.91 ACCEPT
1 13.3 ACCEPT 10.5 ACCEP T 7.98 0.266 0.295
2 14.6 0.706 0 .733 13.2 0. 696 0.758 11.6 0.678 0 .771
3 18 .7 1.22 1.30 17.5 1.21 1.29 16.4 1.17 1.26
4 23.6 1.79 1.87 22. 8 1.76 1. 83 22.3 1.68 1.75

5 29.4 2.37 2.44 2 9. 0 2.31 2.38 29.7 2.18 2.25
6 36 .0 2.95 3.Cl 36.5 2.86 2.92 38.9 2.68 2.75
7 43.7 3.53 3.58 45.2 3.41 3.47 50.3 3.18 3.24
8 52.6 4.10 4.16 55. 6 3. 96 4. 01 64.4 3.68 3.74
9 62.8 4.68 4.74 67.8 4.51 4.56 81.9 4.18 4.24

10 74 .6 5.26 5.31 82. 2 5. 06 5.11 104 4.69 4.74
11 88.2 5.84 5.89 99. 3 5.61 5.66 131 5.19 5.24
12 104 6.42 6.47 119 6. 16 6.21 164 5.69 5.74
13 122 7.CO 7.C4 143 6.70 6.75 205 6.19 6.24
14 143 7.57 7.62 171 7.25 7.3 0 257 6.69 6.74

15 167 8.15 8.2C 205 7. 80 7.85 320 7.19 7.24
16 194 8.73 8.77 244 8.35 8.40 399 7.69 7.74
17 226 9.31 9.35 29C 8. 90 8. 95 496 8-19 8.24
18 263 9.89 9.93 345 9.45 9.50 615 8.70 8.75
19 305 1C.5 1C.5 409 10.0 10. 0 763 9.20 9.25



66 y 2 = 0.25. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.25.

r = 4.00 r = 5.00 r- 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

3.00 ACCE PT 1.20 ACCEPT
0 4.99 ACCEPT 3.25 0. 0000 0 . 0036 2.33 0.0000 0. 0343
1 6.93 0.260 0 .323 5.89 0.235 0.337 5.23 0.212 0 .327
2 10 .8 0.663 0 .762 1C. 1 0. 622 0.721 9.97 0.559 0 .653
3 16 .0 1.13 1.21 16.1 1.03 1.11 17.6 0.904 0 .987
4 22.7 1.59 1.67 24.7 1.43 1. 51 29.7 1.25 1.32

5 31.4 2.05 2.12 36.9 1.84 1.91 49.1 1.59 1.66
6 42.8 2.52 2.58 54. 2 2.24 2. 31 80.0 1.93 2.00
7 57 .6 2.98 3.C4 78. 7 2.64 2. 71 129 2.27 2.34
8 76 .8 3.44 3.5C 113 3.05 3.11 207 2.61 2.68
9 102 3.90 3.96 163 3.45 3.51 330 2.95 3.02

10 134 4.37 4.43 232 3. 85 3. 91 525 3.29 3.36
11 176 4.83 4.89 330 4.25 4. 32 831 3.63 3.70
12 231 5.29 5.35 469 4.66 4. 72 1310 3.97 4.04
13 302 5.75 5.81 663 5. 06 5. 12 2070 4.31 4.38
14 394 6.22 6.27 937 5.46 5. 52 3250 4.65 4.72

15 512 6.68 6.73 1320 5.86 5. 92 5090 4.99 5.06
16 666 7.14 7.19 I860 6.27 6. 3 3 7960 5.33 5.40
17 864 7.60 7.66 2610 6.67 6. 73 12400 5.68 5.74
18 1120 8.06 8.12 3670 7. 07 7. 13
19 14 50 8.53 8.58 5140 7.47 7. 53

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.25.

r =10.00 r =15.00 r =25.00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE SIZ E

0.500 ACCEPT 0. 273 ACCE PT 0.143 ACCEPT
0 1.66 0.0000 C .0548 1.33 C.0000 0 .0567 1.07 0.0000 0.0495
1 4.74 0.181 0.283 4.66 0.150 0.233 4.95 0.111 0 .174
2 10 .9 0.448 0. 530 13.1 0.351 0.421 18.8 0.250 0 .30 5
3 22.2 0.7C8 0.782 34. 7 0. 547 0.612 67 *7 0.386 0 .438
4 47.8 0.965 1.C4 88.9 0. 742 0.804 236 0.520 0.572

5 96 .5 1.22 1.29 224 0. 935 0. 997 811 0 .655 0 .705
6 193 1.48 1.54 556 1-13 1.19 2740 0.789 0 .839
7 381 1.73 1.80 1370 1.32 1.38 9200 0 .923 0 .973
8 7 49 1.99 2.05 3350 1.52 1.58 30600 1.06 1.11
9 1460 2.25 2.31 8150 1.71 1.77

10 2850 2.50 2.57 197CC 1.90 1. 96
1 1 55 20 2.76 2.82
12 10700 3.Cl 3.08



Nr. 7 y 2 = 0.40. 67

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.40.

r = 2.00 r = 2.25 r = 2.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

8.42 ACCE PT 5.78 ACCEPT
1 12.9 ACCEPT 8.87 0.344 0.358 7.45 0.351 0 .419
2 14.2 0.874 0 . 906 11.8 0. 877 0.975 10.6 0.888 0 .998
3 17.4 1.50 1.58 15.3 1.52 1.61 14.2 1.50 1.59
4 21.1 2.19 2.26 19.1 2.16 2.24 18.2 2.11 2.19

5 2 5.0 2.88 2.95 23.4 2.81 2. 89 22.7 2.73 2.80
6 29.3 3.57 3.64 28. 0 3.46 3.53 27.7 3.34 3.40
7 33.8 4.27 4.32 33. 0 4.11 4.17 33.3 3.95 4.01
8 38 .6 4.96 5.01 38.4 4.76 4.82 39.6 4.56 4.62
9 43.8 5.66 5.70 44.4 5.41 5.46 46.7 5.17 5.23

10 49.3 6.35 6.3g 5C. 9 6. 06 6.11 54.5 5.79 5 .84
11 55.1 7.04 7.C9 58.1 6.71 6.76 63.4 6.40 6.45
12 61.3 7.74 7.78 65. 9 7. 36 7.41 73.3 7.01 7.05
13 68 .0 8.43 8.47 74.4 8.01 8.05 84.5 7.62 7.66
14 75.1 9.12 9.16 83. 7 8. 66 8.70 97.0 8.23 8.27

15 82.7 9.82 9.85 93. 9 9.31 9.35 111 8.84 8.88
16 90.8 10.5 10.5 105 9. 96 10. 0 127 9 .45 9.49
17 99 .4 11.2 11.2 117 10.6 10. 6 145 10.1 10.1
18 109 11.9 11.9 131 11.3 11.3 164 10.7 10 .7
19 118 12.6 12.6 145 11.9 11.9 187 11.3 11.3

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.40.

r = 2.75 r = 3.00 r= 3.50

C M SAMPLE SIZE M SAMPLE SI ZE M S AMPLE S IZ E

3.CO ACCEPT 1.50 ACCEPT
0 4.43 ACCEPT 3.62 C.0000 0 .0130 2.82 0.0000 0.0506
1 6.63 0.346 0.451 6.10 0. 336 0.467 5-45 0 .327 0 .477
2 9.83 0.884 0.999 9.34 0. 873 0.989 8.75 0.840 0 .955
3 13.5 1.47 1.56 13. 1 1.43 1.52 12.8 1.35 1.44
4 17 .7 2.05 2.13 17.6 1.98 2. 07 17.8 1 .86 1.9 4

5 22.6 2.63 2.70 22. 8 2.54 2.61 23.9 2.36 2.43
6 28 .1 3.21 3.28 28. 9 3. 09 3.15 31.5 2.86 2.93
7 34.4 3.79 3.85 36. 1 3. 64 3.70 40.9 3.37 3.43
8 41.7 4.37 4.43 44. 6 4.19 4.25 52.5 3.87 3.93
9 50.1 4.95 5.00 54.6 4.74 4.79 66.9 4.37 4.43

10 59.7 5.53 5.58 66. 5 5.29 5.34 84.8 4.87 4.93
11 70.8 6.11 6.16 80.4 5.84 5. 89 107 5.37 5.43
12 83.6 6-68 6.73 96. 9 6. 39 6.44 134 5.87 5.93
13 98.3 7.26 7.31 116 6. 94 6. 99 168 6.38 6.43
14 115 7.84 7.89 139 7.49 7.54 211 6.88 6.93

15 135 8.42 8.46 166 8.04 8. 08 263 7.38 7.43
16 157 9.00 9.04 199 8. 59 8.63 327 7.88 7.93
17 183 9.58 9.62 236 9.14 9.18 407 8.38 8.43
18 213 10.2 10.2 281 9. 69 9.73 505 8.88 8.93
19 247 10.7 10.8 333 10.2 10.3 627 9.38 9.43



68 y 2 = 0.40. Nr. 7

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.40.

r = 4.CO r = 5.00 r = 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.00 accept 0. 600 ACCEPT 0.375 ACCEPT
0 2.42 0.0000 0. 0722 2.01 0. 0000 0 .093 0 1.69 0.0000 0 .102
1 5.05 0.322 0 . 473 4.60 0.306 0.449 4.27 0.280 0 .408
2 8.44 0.602 0 .914 8.21 0. 730 0.835 8.31 0.639 0 .736
3 12.8 1.27 1.37 13.3 1.14 1.23 14.7 0.987 1.07
4 18.4 1.74 1.82 20. 4 1.55 1.63 25.0 1.33 1.41

5 25 .7 2.21 2.28 30. 6 1.95 2.03 41.3 1.67 1.74
6 35.1 2.67 2.74 45.C 2.36 2. 43 67.3 2.0 1 2.08
7 47 .3 3.13 3.20 65. 5 2.76 2.83 109 2.36 2.42
8 63.2 3.60 3.66 94. 5 3.16 3.23 174 2.70 2.76
9 83.9 4.06 4.12 136 3. 57 3.63 278 3.04 3.10

10 111 4.52 4.5e 194 3.97 4.03 442 3.38 3.44
11 146 4.98 5.04 275 4.37 4. 43 700 3.72 3.78
12 191 5.45 5.50 391 4. 77 4. 83 1110 4.06 4.12
13 249 5.91 5.97 553 5.18 5.24 1740 4.40 4.46
14 325 6.37 6.43 781 5. 58 5. 64 2740 4.74 4.80

15 423 6.83 6.89 lioc 5. 98 6. 04 4290 5.08 5.14
16 5 50 7.30 7.35 1550 6. 38 6.44 6720 5.42 5.48
17 7 14 7.76 7.81 2180 6. 79 6. 84 10500 5.76 5.82
18 925 8.22 8.27 3C60 7.19 7.25
19 1200 8.68 8.74 429C 7. 59 7.65

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.40.

r=10.CO r =15.00 r =25.00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.200 ACCEPT 0.120 ACCEPT 0.0667 ACCEPT
0 1.36 O.CCOO 0. 0977 1.14 0.0000 0 . 0849 0.951 0.0000 0. 0663
1 4 .03 0.229 0 .332 4.05 0.182 0.265 4.37 0.131 0 .193
2 9.31 0.498 0 .580 11.4 0. 384 0.453 16.6 O.27O 0 .324
3 19 .8 0.759 0 .833 30.1 0.580 0.645 59.5 0.405 0 .457
4 40 .9 1.C2 1.09 77. C 0.775 0.837 208 0 .540 0 .591

5 82.5 1.27 1.34 194 0. 969 1. 03 713 0 .674 0 .725
6 165 1.53 1.60 482 1.16 1.22 2410 0.809 0 .858
7 326 1.79 1.85 1190 1.36 1.42 8090 0.943 0 .992
8 641 2.C4 2.11 2910 1.55 1. 61 26900 1 .08 1.13
9 1250 2.30 2.36 7070 1.74 1.80

10 2440 2.55 2.62 17100 1.94 2.00
1 1 4 7 30 2.81 2.87
12 9140 3.07 3.13
13 17600 3.32 3.38
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.65.

r= 2.CO r = 2.25 r = 2.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.17 ACCEPT 0. 757 ACCEPT 0.560 ACCEPT
0 3.05 0.0000 0.126 2.65 C.0000 0.165 2.42 0.0000 D .187
1 5.82 0.513 0.726 5.31 0.526 0.736 4.98 0.526 0 .730
2 8.70 1.24 1.39 8.12 1.21 1.36 7.75 1.18 1.31
3 11 .7 1.95 2.06 11.1 1.88 1.99 10.8 1.80 1.9 1
4 14.9 2.65 2.74 14.4 2.54 2. 63 14.2 2.42 2.51

5 18 .3 3.35 3.43 17.9 3.19 3.27 17.9 3.04 3.12
6 21.8 4.05 4.12 21.7 3. 84 3. 91 22.1 3.65 3.72
7 25.6 4.74 4.81 25. 9 4.49 4.56 26.7 4.27 4.33
8 29 .6 5.44 5.5C 30.4 5.15 5.20 31.9 4.88 4.94
9 3 3 .8 6.13 6.19 35.3 5. 80 5. 85 37.7 5.49 5.55

10 38.3 6.83 6.88 4C.6 6.45 6.50 44.1 6.11 6.16
11 43.1 7.52 7.57 46. 5 7.10 7.14 51.4 6.72 6.77
12 48 .2 8.22 e.26 52. 8 7.75 7.79 59.5 7.33 7.38
13 53.6 8.91 8.95 59. 8 8.40 8.44 68.6 7 .94 7.99
14 59.4 9.60 9.64 67.4 9.05 9. 09 78.8 8.55 8.60

15 65.6 1C.3 1C.3 75.7 9.69 9.74 90.3 9.16 9.21
16 72.2 11.0 11.0 84. 8 10.3 10.4 103 9.77 9.82
17 79.2 11.7 11.7 94.8 11.0 11. 0 118 10.4 10.4
18 86 .7 12.4 12.4 106 11.6 11.7 134 11.0 11.0
19 94 .7 13.1 13.1 118 12.3 12. 3 152 11.6 11.6

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.65.

r = 2.75 r = 3.00 r = 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0.444 ACCEPT 0.368 ACCEPT 0.275 ACCEPT
0 2.25 O.CCCO 0 . 198 2.13 C.oooo 0.2 04 1.94 0.0000 0 .208
1 4.73 0.519 0 .716 4.55 0.509 0.699 4.27 0.486 0 .662
2 7.49 1.14 1.27 7.30 1.10 1.23 7.07 1.02 1.14
3 10 .6 1.73 1.83 1C. 5 1.66 1.76 10.5 1.54 1.63
4 14.1 2.32 2.40 14.2 2.22 2.30 14.6 2.04 2.13

5 18.1 2.90 2.98 18.5 2.77 2. 85 19.7 2.55 2.63
6 22.7 3.48 3.55 23.6 3.33 3.39 26.0 3.05 3.12
7 27.9 4 .06 4.13 29.6 3.88 3. 94 33.8 3.56 3.62
8 33.9 4.64 4.70 36.6 4.43 4.49 43.4 4.06 4.12
9 40 .8 5.22 5.28 44. 8 4. 98 5.04 55.3 4.56 4.62

10 48.8 5.80 5.85 54. 5 5.53 5.58 70.1 5.06 5.12
11 57.8 6.38 6.43 66. C 6. 08 6.13 88.4 5.57 5.62
12 68 .3 6.96 7.01 79. 5 6. 63 6.68 111 6.07 6.12
13 80 .3 7.54 7.59 95.5 7.18 7.23 139 6.57 6.62
14 94.2 8.12 8.16 114 7. 73 7.78 174 7.07 7.12

15 110 8.69 8.74 137 8.28 8.33 217 7.57 7.62
16 128 9.27 9.32 163 8.83 8. 87 270 8.07 8.12
17 150 9.85 9.90 194 9.38 9.42 335 8.58 8 .63
18 174 1C.4 1C.5 230 9.93 9.97 416 9.08 9.13
19 202 11.0 11.1 273 10.5 10. 5 516 9.58 9.63
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0 65.

r = 4.CO r = 5.00 r = 6.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.219 ACCpPT C. 156 ACCEPT 0.109 ACCEPT
0 1.81 O.CCCO 0 .205 1.62 C.0000 0.194 1.43 0.0000 0.177
1 4.08 0.461 0 .626 3.84 0.416 0.564 3.65 3.362 0 .49 1
2 6.95 0.954 1.07 6.90 0. 845 0.952 7-09 0.724 0 .821
3 10 .6 1.43 1.52 11.2 1.26 1.35 12.5 1.07 1.16
4 15.3 1.90 1.98 17.2 1.67 1. 75 21.2 1.42 1.49

5 21.4 2.36 2.44 25. 7 2.07 2.14 35.0 1.76 1.83
6 29.2 2.83 2.90 37. 8 2. 48 2.55 57.0 2.10 2.17
7 39 .4 3.29 3.36 54. 9 2. 88 2. 95 91.9 2.44 2.51
8 52.6 3.76 3.82 79. 1 3.28 3.35 147 2.78 2.85
9 69 .7 4.22 4.28 113 3.69 3. 75 235 3.12 3.19

10 91 .9 4.68 4.74 162 4. 09 4. 15 373 3.47 3.53
11 121 5.15 5.20 230 4.49 4. 55 590 3.81 3.87
12 158 5.61 5.66 326 4. 89 4. 95 931 4.15 4.21
13 207 6.07 6.13 462 5. 30 5. 36 1470 4.49 4.55
14 269 6.53 6.59 652 5.70 5.76 2300 4.83 4.89

15 3 50 6.99 7.05 919 6.10 6. 16 3610 5.17 5.23
16 455 7.46 7.51 1290 6.50 6.56 5660 5.51 5.57
17 591 7.92 7.97 182C 6. 91 6. 97 8840 5.85 5.91
18 765 8.38 8.43 255C 7.31 7. 37 13800 6.19 6.25
19 991 8.84 8.9C 3580 7.71 7. 77

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 0.65.

r =10.CO r =15.00 r =25 .00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 .0636 ACCEPT C.04C0 ACCEPT 0.0230 ACCEPT
0 1.20 O.CCCO 0.144 1.03 C.0000 0.115 0.866 0 .0000 0.0839
1 3.51 0.281 0.383 3.57 0.215 0.297 3.90 0.151 0.212
2 8.06 0.551 0.632 9.98 0.418 0.487 14.7 0.290 0 .344
3 17.1 0.812 0.885 26.2 0.615 0.678 52.5 0.426 0 .477
4 35.1 1.07 1.14 66. 9 0. 809 0.871 183 0.560 0 .611

5 70 .8 1.33 1.39 168 1.00 1. 06 627 0.695 0 .744
6 141 1.58 1.65 418 1.20 1.26 2120 0.829 0 .878
7 279 1.84 1.90 1030 1.39 1.45 7110 0 .963 1.0 1
8 548 2.10 2.16 2520 1.58 1.64 23700 1.10 1.15
9 1070 2.35 2.42 6120 1.78 1. 84

10 2090 2.61 2.67 14800 1.97 2.03
11 4040 2.86 2.93
12 7810 3.12 3.18
13 15100 3.38 3.44
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 1.00.

r = 2.CO r = 2.25 r= 2.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 2.25 o.ccco 0.493 2.12 0.0000 0.462 2.02 0.0000 0 .435
1 4.52 0.859 1.14 4.32 0. 841 1. 07 4.16 0.792 1.00
2 6.91 1.64 1.81 6.68 1.54 1.69 6.51 1.45 1.59
3 9.45 2.36 2.49 9.24 2. 21 2.33 9.11 2.08 2.19
4 12.1 3.C7 3.17 12.0 2. 87 2.97 12.0 2.70 2.80

5 15.0 3.77 3.86 15.0 3.53 3. 61 15.2 3.32 3.40
6 18.0 4.47 4.55 18.2 4.18 4.26 18.7 3.94 4.0 1
7 21.2 5.17 5.23 21.8 4. 83 4. 90 22.7 4.55 4.62
8 24.5 5.86 5.92 25.6 5.49 5. 55 27.1 5.16 5.22
9 28.1 6.56 6.62 29. 8 6.14 6. 1 9 32.0 5-78 5.83

10 21 .9 7.25 7.31 34. 3 6. 79 6. 84 37.5 6.39 6.44
1 1 36.0 7.95 8 .CO 39.2 7. 44 7.49 43.6 7.00 7.05
12 40.3 8.64 8.69 44.6 8. 09 8. 14 50.5 7.61 7.66
13 44 .9 9.34 9.38 50.5 8.74 8. 78 58.2 8.23 8.27
14 49 .8 10.0 10-1 56. 9 9. 39 9.43 66.8 8.84 8.88

15 55 .0 1C.7 10. 8 63. 9 10. 0 10.1 76.4 9.45 9.49
16 60 .6 11.4 11.5 71.6 10. 7 10. 7 87.3 10.1 10.1
17 66.5 12.1 12.2 8C.C 11.3 11.4 99.4 10.7 10.7
18 72.8 12.8 12.8 89. 1 12.0 12. 0 113 11.3 11.3
19 79.5 13.5 13.5 99.1 12.6 12.7 128 11.9 11.9

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 1.00.

r = 2.75 r = 3.00 r= 3.50

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 1.94 0.0000 0.412 1.86 0.0000 0.392 1.73 0.0000 0 .358
1 4.03 0.749 0.951 3.91 0. 711 0.904 3.74 0.648 0 .826
2 6.28 1.27 1.51 6.28 1.30 1.44 6.15 1.19 1.31
3 9.04 1.97 2.08 9.02 1.87 1.97 9.08 1.70 1.80
4 12.1 2.56 2.65 12.2 2.43 2. 52 12.7 2.21 2.30

5 15.5 2.14 2.22 15.9 2.98 3. 06 17.0 2.72 2.80
6 19 .4 3.72 2.8C 2C. 3 3. 54 3. 61 22.4 3.22 3.29
7 23 «9 4.30 4.37 25. 3 4. 09 4.15 29.1 3.73 3.79
8 29 .0 4.e9 4.95 31.3 4. 64 4.70 37.3 4.23 4.29
9 34 .8 5.47 5.52 38.3 5.19 5.25 47.4 4.73 4.79

10 41.5 6.04 6.10 46. 6 5.74 5. 80 60.0 5.24 5 .29
11 49 .2 6.62 6.68 56.3 6.29 6.35 75.5 5.74 5.79
12 58.1 7.20 7.25 67.7 6.84 6. 89 94.7 6.24 6.29
13 68.2 7.78 7.83 81.2 7. 39 7.44 118 6.74 6.79
14 79 .9 8.26 8.41 97. 1 7. 94 7. 99 148 7.24 7.29

15 92.3 8.94 8.98 116 8.49 8. 54 184 7.74 7.79
16 109 9.52 9.56 138 9. 04 9. 09 229 8.25 8.30
17 127 1C.1 1C. 1 164 9. 59 9. 64 284 8.75 8 .80
18 147 1C .7 1C.7 195 10.1 10.2 353 9.25 9.30
19 170 11.2 11.3 231 10. 7 10. 7 437 9.75 9.80
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SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 1.00.

r = 4.CO r = 5.00 r = 6.50

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0 1.63 O.COOO 0.331 1.48 0.0000 0.289 1.33 0.0000 0 .246
1 3.61 0.597 0.763 3.43 0. 519 0.666 3.28 0.438 0 .565
2 6.09 1.09 1.21 6.10 0. 949 1.06 6.30 0 .800 0 .897
3 9.25 1.57 1.66 9.82 1.36 1.45 11.1 1.15 1.23
4 13.3 2.C4 2.12 15. 0 1.77 1. 85 18.6 1.49 1.57

5 18.5 2.51 2.58 22.4 2.18 2.25 30.5 1.84 1.91
6 25.2 2.97 3.04 32.8 2. 58 2.65 49.6 2.18 2.25
7 33 .9 3.43 3.50 47. 5 2. 99 3. 05 79.7 2.52 2.59
8 45.2 3.90 3.96 68.2 3.39 3.45 127 2 .86 2.9 3
9 59.8 4.36 4.42 97. 6 3.79 3. 86 203 3.20 3.27

10 78 .8 4.82 4.88 139 4.20 4.26 322 3.54 3.61
11 103 5.29 5.35 197 4.60 4. 66 509 3.88 3.95
12 135 5.75 5.81 280 5.00 5.06 804 4.22 4.29
13 176 6.21 6.27 396 5.40 5.46 1260 4.56 4.63
14 2 30 6.68 6.73 558 5. 81 5. 87 1990 4.91 4.97

15 298 7.14 7.19 787 6.21 6.27 3110 5.25 5.31
16 387 7.60 7.65 1110 6. 61 6. 67 4870 5.59 5.65
17 502 8.06 8.12 1550 7. 01 7. 07 7610 5.93 5 .99
18 651 8.52 8.58 2180 7.42 7.47 11900 6.27 6.33
19 842 8.99 9.04 3060 7. 82 7. 88

SINGLE SAMPLING TABLES FOR TWO-POINT PRIOR. y2 = 1.00.

r =10.CO r =15. 00 r=25.00

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0 1. 12 0.0000 0.186 0. 965 0.0000 0.142 0.814 0.0000 0.0999
1 3.18 0.327 0.428 3.24 0.246 0.326 3.55 0.169 0 .229
2 7.20 0.598 0.679 8.94 0.449 0.517 13.2 0.308 0 .361
3 15.2 0.859 0.932 23.3 0.645 0.708 47.1 0.443 0 .495
4 30 .9 1.12 1.19 59.4 0. 840 0.901 164 0.578 0 .628

5 62.2 1.37 1.44 149 1.03 1.09 562 0.712 0 .762
6 124 1.63 1.7C 369 1.23 1.29 1900 0.847 0 .896
7 244 1.89 1.95 909 1.42 1. 48 6360 0.981 1.0 3
8 479 2.14 2.21 2220 1.62 1.67 21100 1.12 1.16
9 937 2.40 2 .46 5400 1.81 1. 87

10 1820 2.66 2.72 13100 2.00 2. 06
1 1 3 5 30 2.91 2.97
12 6820 3.17 3.23
13 13100 3.42 3.49
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c and m

(101)
with

(102)

(103)

(104)

CO

+ {M - m
Vr0

where /zr = {Ri - Ai)/{A2 - R2),

and

(105)

(106)

fis = {(-Si - Ai) + {S2 - R2)fi}/{A2 - R2).

and (Âs,Â,.s) are given constants.
Suppose that the mean occurrence rate of defects for a process (lot)

The optimum sampling plan (c,/n) corresponding to the regret R^{c,m,M) may 
thus be found by reading (c,m*) for the argument M* = Mfir from the table with 

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no. 7. 6

13. Tables of optimal sampling plans for the gamma prior distribution

Description and use of the tables.
The tables of sampling plans give c and m as functions of M, where

for given M minimize the function

By a change of scale we introduce Â = fijfir, m* = mfir and M* = Mfir which 
leads to the equation

is fi per 
inspection unit and that fi itself is a random variable having a gamma (prior) distribu
tion, zno(/z) say, with parameters (/z,s). Let the three cost functions be ks{fi) = Si + S2fi, 
ka{fi) = Ai + A2fi and kr{fi) = R\ + R2ft. The standardized regret then becomes

Âs = 1

flQ = fir - f {flr ~ fi)Wo{fl)dfl

0

Si — Ri S2 - R2- 
+-------- — + ---------- À.

Ri — Ai A2 — R2

R^{c,m,M) = m(/zs-Juo)

R^fan^M) = R{c,m*,M*) 

with parameters À = fi/fir, s and

i

(5 = Å$-l+f(l- Å)w{Å)d).,

o
1 00

d{c,m) = J (1 - Â)(l — B{c,mÅ))w{Å)dÅ + ( (2- l)B{c,mÅ)w{Å)dÅ, 

o i

w{Å)dÅ = e-^/Å^IÅy-1d{sÅ/Å)ir{s)
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parameters (Ås,plpr,s), Ås being defined in (106), and finding the sampling plan as
(c,m* /pff

The tables may also be used for obtaining an approximation to the solution of
the analogous binomial problem with regret function

Rb(c,n,N) = n(ps-po)
Pr 1

o

(pr -p)(l - B(c,n,pf)f(p)dp + (p -
Pr

pr)B{c,n,p}f{p}dp

where (pr,po,ps) are defined analogously to (pr,po,Rs) above and f(p) denotes a 
beta distribution with parameters (s,t) so that p = s/(s + t). By the usual approxima
tions we get

Rb(c,n,N) ™ R(c,npr,Npr) (107)

with parameters À = p/pr, s and xs defined by (106). Thus, the binomial problem 
is solved (approximately) by reading (c,m) from the table for the argument M = Npr 
and finding the sampling plan as (c,m/pr). The approximation is good for pr <0.1.

The tables contain solutions for 2S = 1 only. For /.s > 1 a good approximation 
to the solution is obtained by entering the tables with M* = Môo/ô as argument, where 

i

do = j (1 -z)w(z)c/A. Auxiliary tables of do/d have been given.
o

Tables of sampling plans are given for the following values of Ä and s:

z = 0.10 (0.05) 0.40 (0.10) 1.00.

s = 0.1, 0.2, 0.3, 0.5, 0.7, 1.0, 2.0, 3.0, 5.0, 7.0, 10.0, 20.0.

Apart from seven cases giving rise to rather small tables the solution has been 
tabulated with the double limitation that M < 10,000 and c < 19.

Each line of the table contains c, Mc + o.5, mci and mcu- For < M Mc+o.5 
the optimum acceptance number is c, and the optimum values of m corresponding to 
Mc-o.5 and Mc+o.5 are mci and mcu, respectively. Intermediate values of m may be ob
tained by linear interpolation with respect to j/M.

If the first entry in the column headed sample size is “Accept” then the minimum 
of R is obtained for m = 0, i.e. by acceptance without inspection, and min R = 
M(Å - 1 + do) for M < M*, where M* represents the first entry in the M-column.

Example 6.
Suppose that batches of electric cable are inspected for defects in the insulation, 

each batch consisting of M = 500 yards of cable. Previous inspection results have 
shown that the mean occurrence rate of defects in a batch, p say, may be described 
as a gamma distributed random variable with parameters s = 1 and fl = 0.4. The 
cost functions are ks(p) = 1, kr(jE) = ks(p) and ka(p) = 2p cost units per yard. We 
then find the break-even quality to be pr = 0.5 defects/yard.
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In order to make use of the tables of optimum sampling plans we compute
/. = iH/dr = 0-8, 2S = 1 and = Mpr = 250. The table shows that for 229 < M*
278 the acceptance number is c = 9 and the sample size is between 9.21 and 9.30.
Interpolation gives m* = 9.25 so that the sample size becomes m*/p,r = 18.50 yards.

Interpolation in the tables.
We note the following interpolation rules.
Interpolation with respect to À. Use linear interpolation on l/Afc + o.5, ma and mCu 

with respect to 1 /Å.
Interpolation with respect to s. Use quadratic interpolation on + in the 

neighbourhood of the minimum and linear interpolation on j/Mc + o.5 otherwise. In 
both cases use logs as argument. Use linear interpolation on mci and inCu with respect to s.

Interpolation with respect to À and s. Start by interpolating with respect to 2 for 
the two neighbouring s-values and then use quadratic interpolation with respect to s.

Example 7. Interpolation with respect to 2.
Suppose that we want to determine the plan corresponding to M = 36 for 

Å = 0.75 and s = 3. Using the tabular values of Mc + o.5 for 2 = 0.70 and 0.80 linear 
interpolation on |/Mc + o.5 with 1/2 as argument leads to the following results:

^c+0.5 mc + 0.5

c Å = 0.70
1/2 = 1.4286

Å = 0.80
1/2 = 1.2500

2 = 0.75, 1/2 = 1.3333 
Interpolate Exact

2
3

39.4
54.9

23.9
35.6

30.6 29.4
44.1 42.9

The optimum value of c for M = 36 is thus c = 3.
From the tables w e find for c = 3

À ™cl mcu

0.70 2.17 2.34
0.80 2.67 2.86

0.75 2.44 2.62 Interpolation
0.75 2.44 2.62 Exact

Finally, linear interpolation to |/M = j/36 = 6 between (j/30.6, 2.44) and 
(|/44.1, 2.62) gives in = 2.52 so that the result is (m,c) = (2.52, 3) as compared to 
the exact solution (2.53, 3).

Example 8. Interpolation with respect to s.
Suppose that the plans for s = 0.3 had not been tabulated and that we want 

to find the optimum plan for M = 25 and 2 = 0.6 by interpolation from the tabulated 
plans for s = 0.2 and 0.5.

6*
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By linear interpolation on |/Jfc + 0.5 with logs as argument we find

c ■^c+0.5 Interpolate 
s = 0.3

Exact 
s = 0.3s = 0.2 s = 0.5

0 15.7 9.44 12.7 12.1
1 54.4 29.8 42.6 40.4

It is obvious from the tables that c = 1.
From the tables we find for c = 1

s mcl mcu

0.2 1.14 1.54
0.5 0.951 1.35

0.3 1.08 1.48 Interpolation
0.3 1.08 1.48 Exact

Finally, linear interpolation to \/M = 1/25 = 5 gives in = 1.27 such that the 
result is (m,c) = (1.27, 1) as compared to the exact solution (1.29, 1).

Example 9. Interpolation with respect to s.
Suppose that tables for s = 0.7 were not available and that we want to determine 

the optimum plan for M = 3600 with s = 0.7 and Å = 0.3 by interpolation.
From the tables for Ä = 0.3 we find for c = 16 and 17 that Jfc + o.5 is decreasing 

from s = 0.3 to s = 0.5 and then increasing. Hence we shall use Aitken’s method for 
quadratic interpolation. For Ä = 0.3 and c = 16 we find

s mc + 0.5 logO.7 - logs \/mc+0.5 Mc+0.5

0.3 3720 0.3680 60.99 55.25
61.470.5

1.0
3310
4310

0.1461
- 0.1549

57.53
65.65

59.64 3560

as compared with the exact value 4/c + o.5 = 3470.
Analogously we find for c = 17 that M = 3960 as compared to the exact 

M = 3870. Hence, the optimal acceptance number for M = 3600 is c = 17.
By linear interpolation on s we find for c = 17

s mcZ mcu

0.5 16.3 16.4
1.0 15.2 15.2

0.7 15.9 15.9 Interpolate
0.7 15.9 15.9 Exact

such that the result is (m,c) = (15.9, 17) which equals the exact result.



Nr. 7 77

Use of the asymptotic expansions.
To make the asymptotic expansions given in Section 10 easier to use the most 

important coefficients have been tabulated. We shall summarize the procedure below.
Construction of a table of optimum sampling plans. For successive values of c, 

c = 0,1,2,. . ., compute m(c) and m(c + 0.5) from

n?(c) = c + 0.5 + s - s/Ä. (108)

Compute M(c + 0.5) from
J/M = (m -k2)/ki (109)

with m = m(c +0.5). Finally, determine mci from

mci ™ m(c) - {2m (c + l)}-1 (HO)

and find mcu by changing the sign of the correction term in the expression above.
Construction of isolated sampling plans. Determine rn(Af) = kij/M + kz and then 

c(M) = m(M) - 0.5 - s + s/Ä. Round c(M) to the nearest integer, c say, and determine 
m(c) from (108) and Af(c) from (109) with m = m(c). Finally, use

m 22 m(c) + {|/M - |/Af(c)}Å'i/m(c +1)

to determine the sample size.
If some of the quantities turn out to be negative then use accept without inspection.

Example 10.
Suppose that we want to determine the sampling plan for M = 200 with Ä = 0.75, 

s = 7 and = 1 without using the tables of optimum plans. By means of the auxil
iary tables we get m(Af) = 1.150x14.14 — 8.64 = 7.62 and c(4f) = 7.62 —0.50 — 7.00 
+ 7.0/0.75 = 9.45 such that the optimum acceptance number is c = 9. We then find 
m(9) = 9 + 0.5 + 7.0 - 7.0/0.75 = 7.167 and j/M(9) = (7.167 +8.639)/l .150 = 13.74 
such that the approximation to the sample size becomes m = 7.167 + (14.14 - 13.74) 
x 1.150/8.167 = 7.22.

If instead the problem had been to determine the sampling plan corresponding 
to M = 50 we would have found m(df) = 1.150x7.081 — 8.639 = —0.507 which is 
negative. Hence, the optimum plan would be to accept without inspection.
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OJ 1—1 Os UN OJ KO Os OS Os on
o rd1 UN UN OO b- on UN Os os o

o o o rrd1 on b- on CD on b- t—
OJ i—I CSJ CSJ CO 4

on o OS o on UN Os 4 KO KO o Os
o i—I UN on r—1 CO KO 4 rd on CO 4 b-

o o o 1—1 on UN Os 4- o KO Ol Os UN
1—1 i—1 OJ CSJ on on 4

UN on OJ on 1—1 KO 1—1 i—1 UN UN on 4 b—
o i—1 UN -4- o UN CO o CO o UN 1—1 KO Os

t— O o i—1 on UN OO on b— on OO 4 Os 4
1—1 1—1 OJ OJ on on 4

UN on o on o i—1 b— 4 KO o Os KO UN
o rd UN 4 os CSJ OJ CO CD UN on 1—1 CO UN CD

UN o O i—1 OJ UN co 1—1 KO o UN CD 4 Os 4
1—1 1—1 CSJ CSJ on on on 4

CO co on o o OJ b— o OJ 4 co CO OJ
o CSJ co o co OJ ird1 4- 1—1 Os CO b- UN CSJ co on
co o o OJ on KO Os OJ KO Os on b- i—1 UN oo OJ

r—1 1—1 1—1 OJ OJ on on on 4

o CO iH1 4 Os KO OJ KO Os UN co on CO Ol on o
o on Os OJ o on 1—1 CSJ 4 b— i—1 4 b- CO Os co KO

OJ o o OJ 4 KO Os OJ UN CO Ol UN CO 1—1 4 b— CD
1—1 rd 1—1 CSJ CSJ CSJ on on on 4

on 0- on b— 4 i—1 4 on on Os t— b— KO UN 4 Ol o Os
O i—I KO OO un b— OJ CO UN CSJ co 4 Os on KO OO os OS b-

1—1 o o 1—1 CO UN co o on KO CO i—1 on KO CO O OJ 4 KO
1—1 i—i 1—1 rd OJ OJ OJ OJ on on on on

on Os b— CO on OO UN Os UN on 1—1 OO KO on rd 4
b- 4 4 1—1 OJ KO cd UN Os on KO co co CO b- UN OJ CO on
o o on UN t— o OJ -V b- Os rrd1 on UN b- Os Ol 4

1—1 1—1 r~1 rd rd OJ OJ CSJ OJ CSJ on on on

KO oo on UN Os o CO o on UN r— OO CD Ol KO CO Os on
un 1—1 OS UN UN b- r—1 on KO b- b- KO 4 OJ co on CO 1—1 4 t—

o o o OJ 4 KO Os •—i on UN b- OS rrd1 on 4 KO b- Os o 1—1
«—i 1—1 i—1 1—1 rd OJ OJ OJ CSJ OJ CSJ on on

UN o 1—1 4 on on o UN OO o Ol UN os KO KO o Os OJ o
co ko CSJ OJ on 4 4 on O KO CM NO Os 1—1 on 4 UN 4 4 on
o o OJ 4 KO co o OJ 4 UN b- CO Os Ol on 4 UN KO b—

1—1 1—1 rd1 i—1 1—1 rd 1—1 OJ OJ OJ OJ OJ OJ OJ

o 1—1 4 CO CO Ol OJ o b— 4 Ol on b— UN CO KO o Os KO
OJ on OJ OJ 1—1 os KO rd1 UN t— os o o OS CO KO 4 CSJ OO UN

o r~1 on UN t— co O OJ on 4 UN b- OO CO Os o Ol OJ on
1—1 rd1 rd i—1 i—1 rrdI 1—1 1—1 1—1 CSJ OJ CSJ OJ OJ

i—1 UN so 4 4 o 4 os KO KO o o KO b- KO Ol UN KO 4
1—1 4 OJ CO OJ 4 UN 4 CSJ O t— 4 co UN O UN o 4 CO CSJ

o OJ 4 UN b— co Os o OJ OJ on 4 4 UN UN KO KO KO b—
1—1 1—1 1—1 1—1 rrd1 rd ird1 i—1 rd 1—1 1—1 1—1 1—1

£ o UN o un <d UN o UN o UN o UN CD UN CD UN o UN o
cd rd i—1 OJ OJ on on 4 4 UN UN KO KO r— b— OO co Os Os o
CD
s o cd o CD o cd cd o o co O CO co o CD o CD CD 1—1
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SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.10.

S = 0.1 S= 0.2 S= 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

90.0 ACCEPT
0 94.6 0.0000 0. 0040
1 2 40 0.486 0 • 83C
2 495 1.48 1.77 1070 accept
3 846 2.51 2.73 1390 1.72 1. 85
4 1290 3.53 3.71 1920 2.67 2. 82

5 1830 4.54 4.69 2580 3.67 3. 81 6370 ACCEPT
6 2470 5.55 5.68 3340 4. 67 4. 79 7110 3.84 3.90
7 3200 6.56 6.67 422C 5.67 5.78 8420 4.80 4.89
8 4030 7.56 7.67 52CC 6. 67 6.77 9920 5.80 5 -88
9 4950 8.56 8.66 629C 7. 68 7.77 11600 6.79 6.87

10 5970 9.57 S.65 749C 8. 68 8. 76
11 7080 1C.6 1C.7 880C 9.68 9.76
12 8280 11.6 11.6 1C2CC 10.7 10.8
13 9580 12.6 12.6
14 11000 13.6 13.6

À = 0.15.
SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.15.

S = 0.1 S= 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

8.72 ACCEPT
0 44.1 0.0000 0 . 259 118 ACCE PT
1 157 0.711 1.14 179 0. 464 0.608 541 ACCEPT
2 339 1.79 2.09 337 1.27 1.54 551 0.973 0 .98 1
3 590 2.83 3 .C6 556 2.29 2. 50 783 1.78 1.95
4 9 09 3.85 4.C4 833 3.30 3.48 1090 2.76 2.92

5 1300 4.87 5.C2 1170 4.31 4.46 1470 3.76 3.91
6 1750 5.88 6.01 156C 5.32 5.45 1920 4.77 4.89
7 2280 6.89 7.CC 2C1C 6.33 6.44 2420 5.77 5 .88
8 28 80 7.89 8.CC 2510 7. 33 7.43 2990 6.77 6.87
9 3 5 40 8.90 8.99 3080 8.33 8.43 3620 7 .77 7.87

10 4270 9.90 9.S9 3700 9. 34 9.42 4310 8.78 8 .86
11 5C70 1C.9 11.C 4370 10.3 10. 4 5070 9.78 9.86
12 5940 11.9 12.C 5110 11.3 11.4 5880 10 .8 10.9
13 6880 12.9 13.C 59CC 12.3 12.4 6760 11.8 11.8
14 7890 13.9 14.C 6750 13.3 13. 4 7700 12.8 12.8

15 8970 14.9 15-C 7660 14.3 14. 4 8700 13.8 13.8
16 10100 15.9 16.C 8620 15.3 15. 4 9770 14.8 14.8
17 9640 16.3 16. 4 10900 15 .8 15.8
18 107CC 17.3 17. 4
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SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.20.

S = 0.1 S= 0.2 S = 0.3

c M SAMPLE SIZE M SAMPLE SI ZE M SAMPLE S IZE

3.33 ACCEPT 20.0 ACCEPT
0 35.8 O.CCCO 0 . 398 37. 5 0.0000 0. 0746 105 ACCEPT
1 131 0.873 1.30 108 0.528 0 .921 138 0.449 0 .541
2 286 1.96 2.25 223 1.57 1.86 247 1.22 1.48
3 499 3.CO 3-22 380 2.61 2. 83 400 2.23 2.44
4 770 4.C2 4.2C 579 3.63 3. 81 593 3.24 3.41

5 1100 5.03 5.19 820 4.64 4. 79 826 4.25 4.40
6 1490 6.04 6.18 1100 5. 65 5. 78 1100 5.26 5.39
7 19 40 7.05 7.17 1430 6. 65 6.77 1410 6.26 6.38
8 2440 8.06 8.16 1790 7.66 7. 76 1760 7.26 7.37
9 3010 9.06 9.16 22CC 8. 66 8.76 2150 8.27 8.36

10 3 6 30 1C.1 10.2 2650 9.67 9. 75 2580 9.27 9.36
11 4310 11.1 11.1 3140 10.7 10.7 3040 10.3 10 .4
12 5050 12.1 12.1 3680 11.7 11.7 3550 11.3 11.3
13 5850 13.1 13.1 425C 12.7 12. 7 4100 12.3 12.3
14 6710 14.1 14.1 487C 13.7 13. 7 4680 13.3 13.3

15 7630 15-1 15.1 5530 14.7 14.7 5300 14.3 14.3
16 8600 16.1 16.1 623C 15.7 15. 7 5970 15.3 15.3
17 9640 17.1 17.1 6980 16.7 16.7 6670 16.3 16.3
18 10700 18.1 18. 1 7760 17.7 17.7 7410 17.3 17.3
19 8590 18.7 18.7 8190 18.3 18.3

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.20.

S = 0.5 S = 0. 7

C M SAMPL E SIZE M SAMPLE SI ZE

717 ACCEPT
3 731 1.64 1.64
4 950 2.49 2.62

5 1230 3.48 3.61 2970 ACCE PT
6 1560 4.48 4.59 2990 3. 79 3.79
7 1930 5.48 5.58 3480 4. 71 4. 79
8 2350 6.48 6.57 4 04 0 5.70 5. 78
9 2820 7.48 7.57 4680 6. 70 6. 77

10 3 3 30 8.48 e .56 5380 7. 70 7.77
11 3890 9.48 9.56 6140 8.69 8. 76
12 4 4 90 10.5 10.6 6970 9.69 9.76
13 5130 11.5 11.5 7850 10.7 10-8
14 5820 12.5 12.5 8800 11.7 11.8

15 6550 13.5 13.5 9800 12.7 12.7
16 73 30 14.5 14.5 109C0 13.7 13. 7
17 8150 15.5 15.5
18 9020 16.5 16.5
19 9930 17.5 17.5

Mat.Fys.Skr.Dan.Vid.Selsk. 3, no.
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SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.25.

S = 0.1 S = 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.71 ACCEPT 6.CC ACCEPT 36.0 ACCEPT
0 32.3 0.0000 0 .483 25.3 C.0000 0.230 36.1 0.0000 0. 0003
1 1 19 0.973 1.39 84. 9 0.685 1.11 85.0 0.503 0 .825
2 2 59 2.06 2.34 179 1.76 2. 05 169 1.48 1.77
3 453 3.09 3.32 309 2.80 3. 02 284 2.51 2.73
4 700 4.12 4.3c 473 3. 82 4.00 428 3.53 3.71

5 1000 5.13 5.28 672 4. 84 4.99 603 4.54 4.69
6 13 50 6.14 6.27 9C5 5. 85 5. 98 807 5.55 5.68
7 1760 7.15 7.27 1170 6. 85 6. 97 1040 6.56 6.67
8 2220 8.16 8.26 1480 7. 86 7. 96 1300 7.56 7.67
9 2730 9.16 9.25 181C 8.86 8.96 1600 8.57 8 .66

10 3300 1C.2 1C.2 2190 9. 87 9. 95 1920 9.57 9.65
11 3920 11.2 11.2 259C 10.9 10. 9 2270 10 .6 10 .7
12 4590 12.2 12.2 3C4C 11.9 11.9 2660 11.6 11.6
13 5320 13.2 13.2 351C 12.9 12. 9 3070 12.6 12.6
14 6100 14.2 14.2 4C3C 13. 9 13. 9 3510 13.6 13.6

15 6930 15.2 15.2 457C 14.9 14. 9 3980 14.6 14.6
16 7820 16.2 16.2 5150 15.9 15. 9 4480 15.6 15.6
17 8760 17.2 17.2 5770 16. 9 16. 9 5020 16 .6 16 .6
18 9750 18.2 18.2 6420 17.9 17.9 5580 17.6 17.6
19 1C800 19.2 19.2 710C 18.9 18. 9 6170 18 .6 18.6

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.25.

S = 0.5 0.7 S = 1.0

C M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

182 ACCEPT
2 234 1.07 1.18
3 348 1.96 2.14 642 ACCEPT
4 496 2.95 3 -12 756 2.44 2.52

5 673 3.96 4.10 956 3.39 3.51
6 8 79 4.96 5.09 1190 4. 38 4. 49 2860 ACCEPT
7 1110 5.97 6.08 1470 5.38 5. 48 2890 4.58 4.58
8 13 80 6.97 7.07 1780 6. 38 6.48 3290 5.51 5 -58
9 1670 7.97 8.06 2120 7.38 7.47 3750 6.50 6.57

10 1990 8.97 9.06 2490 8. 38 8.46 4260 7.50 7.57
1 1 2340 9.98 1C. 1 2890 9.38 9.46 4810 8.50 8 .56
12 2720 11.0 11.1 3330 1 0.4 10. 5 5420 9.50 9.56
13 3130 12.0 12.0 3800 11.4 11.5 6060 10.5 10 .6
14 3560 13.0 13.0 43C0 12.4 12. 4 6760 11.5 11.6

15 4030 14.0 14.C 483C 13.4 13.4 7490 12.5 12.5
16 4520 15.0 15.0 5390 14.4 14.4 8270 13.5 13.5
17 50 40 16.0 16.0 5990 15.4 15.4 9090 14.5 14.5
18 5590 17.0 17.C 661C 16.4 16.4 9950 15.5 15.5
19 6170 18.0 1 8.C 7270 17.4 17.4 10900 16.5 16.5
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SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.30.

S = C.l S = 0.2 S= 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.01 ACCEPT 2.92 ACCEPT 7.78 ACCEPT
0 30 .4 0.0000 0 . 541 21.2 0.0000 0.339 21.6 0.0000 0 .149
1 112 1.04 1.45 73.6 0. 812 1.23 65.9 0 .604 1.0 1
2 244 2.12 2.41 157 1.89 2.18 136 1.67 1.96
3 425 3.16 3.38 271 2.93 3. 15 230 2.70 2.93
4 6 57 4.18 4.36 415 3. 95 4.13 350 3.72 3.90

5 938 5.20 5.35 591 4. 97 5. 12 494 4.74 4.89
6 1270 6.21 6-34 797 5. 98 6.11 664 5.75 5.88
7 165o 7.22 7.33 1C3C 6. 98 7. 10 858 6.75 6 .87
8 2080 8.22 8.33 13CC 7. 99 8. 09 1080 7.76 7.86
9 2560 9.23 9.32 16CC 8. 99 9. 09 1320 8.76 8 .86

10 3100 1C.2 1C.3 193C 10.0 10. 1 1590 9.77 9 .85
11 3680 11.2 11.3 229C 11.0 11.1 1880 10.8 10 .8
12 43 10 12.2 12.3 2680 12. 0 12.1 2200 11.8 11.8
13 4990 13.2 13.3 31CC 13. 0 13.1 2540 12.8 12.8
14 5720 14.2 14.3 3550 14. 0 14.1 2910 13.8 13.8

15 65C0 15.2 15.3 4C3C 15. 0 15. 1 3310 14.8 14.8
16 7340 16.2 16.3 4550 16.0 16. 1 3720 15.8 15 .8
17 8 2 20 17.2 17.3 5C9C 17. 0 17. 1 4170 16.8 16.8
18 9150 18.2 18.3 5670 18.0 18. 1 4630 17.8 17.8
19 101C0 19.2 19.3 6270 19. 0 19.1 5130 18.8 18 .8

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.30.

S = 0.5 S = 0. 7 S = 1.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

60 .7 ACCEPT
1 81.6 0.466 0 . 569 198 ACCEPT
2 145 1.25 1.51 210 1.02 1. 04
3 231 2.26 2.47 296 1.84 2. 01
4 340 3.27 3.45 40S 2. 83 2. 99 746 ACCEPT

5 470 4.28 4.43 545 3. 83 3. 97 862 3.20 3.27
6 621 5.29 5.42 703 4. 83 4. 96 1050 4.16 4.26
7 794 6.29 6.41 884 5. 84 5. 95 1260 5.16 5.25
8 989 7.30 7.40 1 090 6 • 84. 6. 94 1500 6.16 6.24
9 1200 8.30 8.39 1310 7. 84 7. 93 1760 7.15 7.24

10 1440 9.30 9.39 1550 8. 84 8. 93 2050 8-15 8.23
11 1700 1C.3 10.4 1820 9. 85 9. 92 2370 9.15 9.23
12 1980 11.3 11.4 2110 10.8 10. 9 2710 10.2 10.2
13 2280 12.3 12.4 2420 11.8 11.9 3070 11.2 11.2
14 2600 13.3 13.4 2750 12.8 12-9 3460 12.2 12.2

15 2950 14.3 14.4 31CC 13. 9 13. 9 3870 13.2 13.2
16 3310 15.3 15.4 347C 14.9 14. 9 4310 14.2 14.2
17 3700 16.3 16.4 387C 15.9 15. 9 4770 15.2 15.2
18 4110 17.3 17.4 4280 16.9 16. 9 5250 16.2 16.2
19 4 5 40 18.3 18.4 4720 17.9 17. 9 5760 17.2 17.2

7
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SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.35.

S = C.l S= 0.2 S= 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE SIZE

0.652 ACCEPT 1.69 ACCEPT 3.59 ACCEPT
0 29.3 O.CCCO 0 . 582 19.1 0.0000 0 .419 17.2 0.0000 o .262
1 107 1.09 1.5C 67.1 0.906 1.32 56.2 0.729 1.15
2 233 2.17 2.45 143 1.99 2.27 117 1.81 2.09
3 407 3.21 3.43 247 3. 03 3.25 2 00 2.84 3-06
4 628 4.23 4.41 380 4. 05 4-23 305 3.86 4.04

5 897 5.24 5.40 540 5. 06 5.21 432 4.88 5.03
6 1210 6.25 6.39 729 6. 07 6.20 580 5.89 6.0 2
7 1580 7.26 7.38 946 7. 08 7. 19 750 6.90 7.01
8 1990 8.27 8.37 1190 8. 08 8. 19 943 7.90 8 .00
9 2450 9.27 9.37 1460 9. 09 9.18 1160 8.90 9.00

10 2960 1C.3 1C. 4 1760 10.1 10.2 1390 9.91 9 .99
1 1 3520 11.3 11.4 2C9C 11.1 11.2 1650 10.9 11.0
12 4120 12.3 12.4 2450 12.1 12.2 1930 11.9 12.0
13 4770 13.3 13.4 2840 13.1 13-2 2230 12.9 13.0
14 5470 14.3 14.4 3250 14.1 14.2 2560 13.9 14.0

15 6 2 20 15.3 15.3 3690 15.1 15.2 2900 14.9 15 .0
16 7010 16.3 16.3 4160 16.1 16.2 3270 15.9 16 .0
17 7850 17.3 17.3 4660 17.1 17. 2 3660 16.9 17.0
18 8740 IE.3 18.3 5190 18.1 18. 2 4070 17.9 18 .0
19 9680 19.3 19.3 5740 19. 1 19. 2 4500 18 .9 19 .0

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.35.

S = 0.5 S= 0.7 S = 1.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

26.9 ACCEPT 76. 4 ACCEPT
1 56.4 0.514 0 .795 7g.5 0.422 0 .431
2 108 1.46 1.74 126 1. 16 1.37 252 ACCEPT
3 178 2.49 2.70 194 2.14 2.34 282 1.73 1.78
4 265 3.50 3.68 279 3.15 3. 31 369 2.63 2.76

5 3 70 4.51 4.66 381 4.15 4. 3 0 477 3.62 3.75
6 492 5.52 5.65 499 5. 16 5.29 603 4.62 4.73
7 632 6.53 6.64 633 6.16 6.28 747 5.62 5.72
8 789 7.53 7.64 783 7.17 7.27 907 6.62 6.72
9 964 8.54 8.63 95C 8. 17 8.26 1080 7 .62 7.71

10 1160 9.54 9.63 113C 9.17 9.26 1280 8.62 8 .70
11 1370 10.5 1C.6 133C 10.2 10.3 1490 9.62 9.70
12 1590 11.5 11.6 1 55C 11.2 11.2 1710 10 .6 10.7
13 1840 12.5 12.6 1780 12.2 12.2 1960 11.6 11.7
14 2100 13.5 13.6 2C3C 13.2 13.2 2210 12.6 12.7

15 2380 14.6 14.6 2290 14.2 14.2 2490 13.6 13.7
16 2670 15.6 15.6 2570 15.2 15.2 2780 14.6 14.7
17 2990 16 .6 16.6 2870 16.2 16.2 3090 15.6 15 .7
18 3320 17.6 17.6 3180 17.2 17.2 3420 16 .6 16 -7
19 3670 18.6 18.6 3510 18.2 18. 2 3760 17.6 17 .7



Nr. 7 À = 0.40. 89

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.40.

S = 0.1 S = 0.2 S = 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0.441 ACCEPT 1.07 ACCEPT 2.05 ACCEPT
0 28.5 0.0000 0 .613 17-9 c.ooco 0.480 15.1 0.0000 0 .351
1 104 1.12 1.53 62. 8 0. 977 1.39 50.5 0.832 1.25
2 2 26 2.20 2.49 134 2.06 2. 34 106 1.9 1 2.20
3 394 3.24 3.46 232 3.10 3.32 181 2.95 3.17
4 608 4.27 4.44 356 4. 12 4.30 276 3.97 4.15

5 868 5.28 5.43 506 5.13 5.28 391 4.98 5.14
6 1170 6.29 6.42 682 6.14 6.27 526 5.99 6.13
7 1530 7.30 7.41 885 7.15 7.27 680 7.00 7.12
8 1930 8.30 8.41 1110 8. 16 8.26 855 8 .01 8.11
9 2370 9.31 9.4C 1370 9. 16 9.25 1050 9.01 9.11

10 2860 1C.3 1C.4 165C 10.2 10.2 1260 10.0 10.1
11 3400 11.3 11.4 I960 11.2 11.2 1500 11.0 11.1
12 3980 12.3 12.4 23CC 12.2 12.2 1750 12.0 12.1
13 4610 13.3 13.4 2660 13.2 13.2 2030 13.0 13.1
14 5290 14.3 14.4 3C4C 14.2 14.2 2320 14.0 14.1

15 6010 15.3 15.4 3460 15.2 15.2 2630 15.0 15.1
16 6780 16 .3 16.4 39CC 16.2 16.2 2970 16.0 16.1
17 7590 17.3 17.4 4360 17.2 17.2 3320 17.0 17.1
18 8450 18.3 18.4 4860 18.2 18.2 3690 18 .0 18.1
19 9360 IS.3 19.4 5380 19.2 19. 2 4090 19 .0 19.1

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.40.

S = 0.5 S= 0. 7 S = 1.0

C M SAMPL E SIZE M SAMPLE SI ZE N SAMPLE S IZ E

7.50 ACCEPT
0 16.4 O.CCCC 0 . 1C7 31.6 ACCE PT
1 45 .0 0.577 0 .962 5C. 8 0.5C3 0.677 100 ACCEPT
2 89.3 1.63 1.91 91.8 1.36 1.62 121 1.09 1.17
3 149 2.66 2.88 147 2.37 2.58 174 1.96 2.14
4 223 3.68 3.85 215 3.39 3.56 242 2.96 3.12

5 313 4.69 4.84 297 4. 40 4. 54 323 3.96 4.10
6 417 5.70 5.83 392 5.40 5. 53 417 4.97 5 .09
7 536 6.71 6.82 5CC 6. 41 6. 52 523 5.97 6.08
8 671 7.71 7.81 621 7.41 7. 52 642 6.97 7.07
9 820 8.71 8.81 756 8. 42 8. 51 773 7.97 8.06

10 984 9.72 9.80 904 9. 42 9.51 916 8.98 9.06
11 1160 10.7 1C.8 1060 10.4 10. 5 1070 9.98 10.1
12 1360 1 1 .7 11.8 1240 11.4 11.5 1240 11.0 11.0
13 1570 12.7 12.8 1430 12.4 12.5 1420 12.0 12.0
14 1790 13.7 13.8 1630 13.4 13. 5 1610 13.0 13.0

15 2030 14.7 14.8 1 84C 14.4 14. 5 1820 14.0 14.0
16 2280 15.7 15.8 2C7C 15.4 15.5 2040 15 .0 15.0
17 2550 16.7 16.8 231C 16.4 16. 5 2270 16.0 16.0
18 2840 17 .7 17.8 256C 17.4 17. 5 2510 17 .0 17 .0
19 3140 18.7 18.8 2830 18.4 18. 5 2760 18 .0 18 .0



90 À = 0.50 Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.50.

S = C.l S = 0.2 S= 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.222 ACCEPT C. 5CC ACCEPT 0.857 ACCEPT
0 27.4 0.0000 0 .657 16.4 C.0000 0.567 13.0 o.oooo 0 .478
1 99 .7 1.18 1 .58 57. 5 1.08 1.48 44.0 0.979 1.39
2 216 2.25 2.54 123 2.16 2.44 92.3 2.06 2.34
3 376 3.29 3.51 212 3.19 3. 41 158 3.10 3.31
4 581 4.31 4.49 325 4.22 4.39 241 4.12 4.30

5 8 29 5.33 5.48 462 5.23 5.38 342 5.13 5.28
6 1 1 20 6.34 6.47 623 6. 24 6. 37 459 6.14 6.27
7 14 60 7.35 7.46 808 7.25 7.36 595 7.15 7.27
8 1840 8.35 8.46 1020 8.25 8. 36 747 8.16 8.26
9 2 2 60 9.36 9.45 1250 9.26 9. 35 917 9.16 9.25

10 2730 1C .4 1C.4 1 51 C 10.3 10.3 1100 10.2 10.2
11 3240 11.4 11.4 1790 11.3 11.3 1310 11.2 11.2
12 3800 12.4 12.4 2C9C 12.3 12.3 1530 12.2 12.2
13 4400 13.4 1 3.4 2420 13.3 13.3 1770 13.2 13.2
14 5040 14.4 14.4 278C 14.3 14. 3 2030 14.2 14.2

15 5730 15.4 15.4 3150 15.3 15.3 2300 15.2 15.2
16 6470 16.4 16.4 3560 16.3 16-3 2590 16.2 16.2
17 7240 17.4 17.4 3ç8C 17.3 17. 3 2900 17.2 17.2
18 8060 18.4 18.4 4430 18.3 18.3 3230 18.2 18.2
19 8930 19.4 19.4 49CC 19.3 19.3 3570 19 .2 19.2

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.50.

S= 0.5 S = 0. 7 S = 1.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE SIZE

2.00 ACCEPT 4.67 ACCEPT
0 11.1 0.0000 0 . 305 11.9 0.0000 0.143 21.3 ACCEPT
1 34 .6 0.790 1.2C 32. 5 0. 621 1.01 35.8 0.522 0 .720
2 70.1 1.87 2.15 63. 3 1.68 1. 95 63.7 1.41 1.66
3 1 18 2.90 3.12 104 2.71 2. 92 101 2.42 2.63
4 178 3.92 4.10 155 3.73 3. 90 146 3.44 3.61

5 2 50 4.94 5.09 216 4. 74 4. 89 200 4.45 4.59
6 334 5.95 6.08 286 5. 75 5. 88 262 5.45 5.58
7 4 30 6.95 7.07 367 6. 75 6. 87 332 6.46 6.57
8 538 7.96 8.06 457 7. 76 7. 86 411 7.46 7.56
9 659 8.96 9.06 558 8.76 8. 86 499 8.47 8.56

10 791 9.97 10.1 668 9. 77 9. 85 594 9.47 9 .55
11 936 11.0 11.0 788 10.8 10. 8 699 10.5 10 .6
12 1090 12.0 12.0 918 11.8 11.8 811 11.5 11.5
13 12 60 13 .0 13.0 1 060 12.8 12. 8 932 12.5 12.5
14 14 40 14.0 14.0 1210 13. 8 13. 8 1060 13.5 13-5

15 1640 15.0 15.C 1370 14. 8 14. 8 1200 14.5 14.5
16 1840 16.0 16.C 1 540 15. 8 15. 8 1350 15.5 15.5
17 2060 17.0 17.C 1720 16.8 16. 8 1500 16 .5 16.5
18 2290 18.0 1 8.C 1910 1 7.8 17. 8 1660 17.5 17.5
19 2530 19.0 19.C 2110 1 8. 8 18. 8 1830 18 .5 18.5



Nr. 7 Ä = 0.50. 91

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.50.

S = 2.0 S = 3.0

c M SAMPL E SIZE M SAMPLE SI ZE

188 ACCEPT
4 217 2.54 2.61

5 263 3.49 3.60
6 328 4.49 4.59
7 397 5.48 5.58 771 ACCEPT
8 473 6.48 6.57 796 5. 56 5. 57
9 5 56 7.48 7.56 887 6-51 6. 5 7

10 647 8.48 8.56 990 7. 50 7. 56
1 1 746 9.48 9.56 HOC 8. 50 8.56
12 851 10.5 1C.6 1220 9. 50 9. 5 5
13 964 11.5 11.5 1350 10.5 10. 6
14 1080 12.5 12.5 1490 11.5 11.5

15 1210 13.5 13.5 1 640 12.5 12.5
16 13 50 14.5 14.5 1800 13.5 13. 5
17 1490 15.5 15.5 1960 14.5 14. 5
18 16 40 16.5 16.5 2130 15. 5 15. 5
19 17 90 17.5 17.5 2 310 16. 5 16. 5

À = 0.60.
SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.60.

S= C.l S = 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0.119 ACCEPT C. 256 ACCEPT 0.417 ACCEPT
0 26 .8 0.0000 0 .687 15.7 C.0000 0.625 12.1 0.0000 0 .564
1 96 .9 1.21 1.61 54.4 1.14 1.54 40.4 1.08 1.48
2 210 2.29 2.57 116 2.22 2. 50 84.7 2.16 2.44
3 365 3.33 3.54 2C0 3.26 3.48 145 3.20 3.41
4 563 4.35 4.53 306 4.28 4.46 221 4.22 4.39

5 804 5.36 5.51 435 5.30 5.45 313 5.23 5.38
6 1090 6.37 6.5C 587 6.31 6.44 421 6.24 6.37
7 1410 7.38 7.5C 761 7.31 7.43 545 7.25 7.36
8 1780 8.39 8.49 958 8. 32 8.42 685 8.25 8.36
9 2190 9.39 9.48 1180 9.33 9.42 840 9.26 9.35

10 2650 10.4 1C. 5 1420 10.3 10.4 1010 10.3 10.3
1 1 3140 11.4 11.5 1680 11.3 11.4 1200 11.3 11.3
12 3680 12.4 12.5 1970 12.3 12.4 1400 12.3 12.3
13 4260 13.4 13.5 2280 13.3 13.4 1620 13.3 13.3
14 4890 14.4 14.5 2610 14. 3 14.4 1860 14.3 14.3

15 5560 15.4 15.5 2S70 15.3 15.4 2110 15.3 15.3
16 6270 16.4 16.5 3350 16.3 16.4 2380 16.3 16.3
17 7 0 20 17.4 17.5 375C 17.3 17.4 2660 17.3 17.3
18 7810 18.4 18.5 417C 18.3 18.4 2960 18 .3 18.3
19 8650 19.4 19.5 4620 19.3 19. 4 3270 19.3 19.3



92 À = 0.60. Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.60.

S= 0.5 S = 0.7 S= 1.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.833 ACCEPT 1.46 ACCEPT 3.33 ACCEPT
0 9.44 0.0000 0 • 445 8.70 o.ocoo 0 .330 9.24 0.0000 0 .165
1 29 .8 0.951 1.35 25. 9 0. 827 1.22 24.2 0.656 1.03
2 60.7 2.03 2.31 51.3 1.90 2. 1 8 45.9 1.71 1.98
3 102 3.07 3.28 85.0 2.94 3.15 74.2 2.74 2.95
4 154 4.09 4.26 127 3.96 4. 13 109 3.76 3.93

5 217 5.10 5.25 177 4. 97 5.12 150 4.77 4.92
6 290 6.11 6.24 235 5.98 6.11 198 5.78 5.91
7 373 7.12 7.23 302 6. 99 7. 10 252 6.79 6.90
8 467 8.12 8.23 377 7. 99 8. 09 313 7.79 7-89
9 572 9.13 9.22 460 9. 00 9. 09 381 8.80 8.89

10 687 1C.1 1C.2 551 10.0 10. 1 455 9.80 9 .88
11 813 11.1 11.2 651 11.0 11. 1 535 10.8 10 .9
12 9 49 12.1 12.2 759 12.0 12.1 622 11.8 11.9
13 1100 13.1 13.2 875 13. 0 13. 1 716 12.8 12.9
14 1250 14.1 14.2 999 14.0 14. 1 816 13.8 13.9

15 1420 15.1 15.2 1130 15.0 15.1 922 14.8 14.9
16 1600 16.1 16.2 1270 16. 0 16. 1 1040 15.8 15.9
17 1790 17.1 17.2 1420 17.0 17. 1 1150 16 .8 16 .9
18 1990 18.1 18.2 1580 18.0 18. 1 1280 17.8 17.9
19 2200 19.1 19.2 1740 1 9. 0 19. 1 1410 18 .8 18 .9

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.60.

S = 2.0 S = 3.0 S = 5.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

40.2 ACCEPT
2 54 .5 1.19 1.33
3 77.8 2.12 2.30 136 ACCEPT
4 106 3.12 3.27 149 2.56 2. 61

5 140 4.13 4.26 180 3. 50 3.59
6 178 5.13 5.25 218 4.49 4. 58
7 221 6.13 6-24 259 5.49 5. 58
8 268 7.14 7.23 306 6. 49 6. 5 7
9 3 20 8.14 8.23 357 7. 49 7.56

10 377 9.14 9.22 412 8. 49 8.56 726 ACCEPT
11 438 1C.1 1C.2 471 9.49 9.55 789 8.18 8.22
12 504 11.1 11.2 535 1 0.5 10. 6 858 9.18 9.22
13 575 12.1 12.2 602 11.5 11.5 932 10.2 10.2
14 6 50 13.1 13.2 674 12.5 12.5 1010 11.2 11.2

15 7 30 14.1 14.2 75 0 13.5 13. 5 1100 12.2 12.2
16 814 15.2 15.2 831 14.5 14. 5 1190 13.2 13.2
17 903 16.2 16.2 915 15.5 15. 5 1280 14.2 14.2
18 997 17.2 17.2 1CC0 16. 5 16.5 1380 15.2 15.2
19 1090 18.2 18.2 HOC 17.5 17. 5 1480 16.2 16.2

______



Nr. 7 Ä = 0.70. 93

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.70.

S= 0.1 S= 0.2 S= 0.3

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.0640 ACCEPT 0. 134 ACCEPT 0.211 ACCEPT
0 26.3 0.0000 0 . 708 1 5. 2 0.0000 0.667 11.5 0.0000 0 .627
1 95 .0 1.23 1.63 52. 3 1.19 1.59 38.2 1.15 1.55
2 205 2.31 2.59 111 2.27 2.55 79.9 2.23 2.51
3 3 ‘3 3.35 3.57 192 3.31 3. 52 136 3.27 3.48
4 551 4.37 4.55 294 4. 33 4. 51 208 4.29 4.46

5 787 5.39 5.54 41 8 5.34 5.49 295 5.30 5.45
6 1060 6.40 6.53 563 6.35 6.48 396 6.31 6.44
7 13 80 7.40 7.52 73C 7. 36 7.4 8 512 7.32 7.43
8 1740 8.41 8.51 919 8. 37 8.47 644 8 .33 8.43
9 2150 9.42 9.51 113 0 9.37 9. 47 790 9.33 9.42

10 2590 1C.4 1C. 5 1360 10.4 10. 5 951 10 .3 10 .4
11 3080 11.4 11.5 1610 11.4 11.5 1130 11.3 11.4
12 3600 12.4 12.5 1 89C 12.4 12. 5 1320 12.3 12.4
13 4 170 13.4 13.5 219C 13.4 13.5 1520 13.3 13.4
14 4780 14.4 14.5 2500 14.4 14. 5 1740 14.3 14.4

15 5430 15.4 15-5 284C 15.4 15.4 1980 15.3 15.4
16 6 130 16.4 16.5 3210 16.4 16.4 2230 16.3 16 .4
17 6860 17.4 17.5 3590 17.4 17.4 2500 17.3 17.4
18 7640 18.4 18.5 3990 18.4 18. 4 2780 18.3 18.4
19 8 4 60 19.4 19.5 4420 19.4 19.4 3070 19.4 19 .4

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.70.

S = 0.5 S= 0.7 S= 1.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0.390 ACCEPT 0.612 ACCEPT 1.07 ACCEPT
0 8.63 0.0000 0 .548 7.53 0.0000 0.471 6.95 0.0000 0 .358
1 27.1 1.07 1.46 22.6 0. 987 1.38 19.6 0.868 1.26
2 55.1 2.15 2.42 44. 8 2. 06 2.34 37.7 1.94 2.21
3 92.7 3.18 3.40 74. 3 3.10 3. 31 61.2 2.98 • 3.19
4 140 4.20 4.38 111 4.12 4.29 90.2 3.99 4.17

5 196 5.22 5.37 155 5.13 5.28 125 5.01 5.15
6 263 6.23 6.36 206 6.14 6.2 7 165 6.02 6.14
7 3 38 7.23 7.35 264 7.15 7.26 210 7.02 7.14
8 424 8.24 8.34 33C 8. 16 8.26 261 8.03 8.13
9 519 9.25 9.34 4C3 9.16 9.2 5 317 9.03 9.13

10 623 1C .2 1C.3 483 10.2 10-2 379 10.0 10.1
11 737 11.3 11.3 57C 11.2 11.2 446 11.0 11.1
12 860 12.3 12.3 665 12.2 12.2 519 12.0 12.1
13 993 13.3 13.3 766 13.2 13.2 597 13.0 13.1
14 1140 14.3 14.3 875 14.2 14.2 681 14.0 14.1

15 1290 15.3 15. 3 991 15.2 15.2 770 15 .0 15.1
16 1450 16.3 16.3 1110 16.2 16.2 865 16.0 16.1
17 1620 17.3 17.3 125c 17.2 17. 2 965 17.1 17.1
18 1800 18.3 18.3 138C 18.2 18.2 1070 18.1 18.1
19 1990 19.3 19.3 153C 19.2 19. 2 1180 19.1 19.1



94 à = 0.70. Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.70.

S = 2.0 S= 3. 0 S = 5.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

8.57 ACCEPT
0 9.97 0.0000 0. C 167
1 19.3 0.569 0 • 846 29. 0 ACCEPT
2 23.1 1.55 1.79 39. 4 1.22 1.37
3 50 .4 2.57 2.76 54. 9 2.17 2. 34
4 71.1 3.58 3.74 73.6 3.17 3. 32 123 ACCEPT

5 95.3 4.59 4.73 95. 1 4.18 4.30 135 3.40 3.45
6 123 5.60 5.72 119 5.18 5.29 157 4.36 4.44
7 1 54 6.60 6.71 146 6.18 6.2 8 182 5.35 5.43
8 188 7.61 7.7C 176 7.19 7.2 8 209 6.35 6.42
9 2 26 8.61 8.70 209 8. 19 8.27 240 7.35 7.42

10 267 9.61 9.69 244 9. 19 9. 2 7 272 8.35 8.41
11 311 1C .6 1C.7 282 10.2 10.3 307 9.35 9 .41
12 359 11.6 11.7 323 11.2 11.3 345 10.3 10 .4
13 411 12.6 12.7 366 12.2 12.3 384 11.3 11.4
14 465 13.6 13.7 412 13.2 13.3 426 12.3 12.4

15 523 14.6 14.7 461 14.2 14.3 470 13.3 13.4
16 585 15.6 15.7 512 15.2 15. 3 517 14.3 14.4
17 650 16.6 16.7 567 16.2 16. 2 565 15.3 15.4
18 718 17.6 17.7 62 4 17.2 17. 2 616 16.3 16.4
19 790 18.6 1 8.7 683 18.2 18.2 669 17.3 17.4

Â = 0.80.
SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.80.

S= 0.1 S= 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M S AMPLE S IZ E

0.0321 ACCEPT C.0658 ACCEPT 0.101 ACCEPT
0 26 .0 o.ccco o .724 14. 8 C. 0000 0.699 11.1 0.0000 0 .674
1 92.7 1.25 1.65 5C. 9 1.23 1.62 36.7 1.20 1 .60
2 202 2.33 2.61 108 2.31 2. 58 76.5 2.28 2.56
3 352 3.27 3.58 186 3.34 3.56 131 3.32 3.53
4 543 4.39 4.57 285 4.36 4. 54 199 4.34 4.52

5 774 5.40 5.55 405 5.38 5. 53 281 5.35 5.50
6 1050 6.41 6.54 546 6. 39 6. 52 378 6.37 6.49
7 1360 7.42 7.54 707 7. 40 7. 51 489 7.37 7.49
8 1720 8.43 8.53 890 8.40 8.51 615 8.38 8.48
9 21 10 9.43 9.53 1 C9C 9.41 9.5 0 754 9.38 9.48

10 25 50 10.4 10.5 1320 10.4 10. 5 908 10 .4 10.5
11 3020 11.4 11.5 1 560 11-4 11.5 1080 11.4 11.5
12 3540 12.4 12.5 1830 12.4 12.5 1260 12.4 12.5
13 4100 13.4 13.5 2120 13.4 13. 5 1450 13.4 13.5
14 4700 14.4 14.5 2430 14.4 14. 5 1670 14.4 14.5

15 5340 15 .4 15.5 2750 15.4 15. 5 1890 15.4 15.5
16 60 30 16.5 16.5 3110 16. 4 16. 5 2130 16.4 16 .5
17 6750 17.5 17.5 3480 17.4 17.5 2380 17.4 17.5
18 7510 18.5 18.5 3870 18.4 18. 5 2650 18.4 18.5
19 8 3 20 19.5 19.5 4280 19. 4 19. 5 2930 19.4 19.5



Nr. 7 À = 0.80. 95

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.80.

S = 0.5 S = 0. 7 S = 1.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.179 ACCEPT 0. 265 ACCE PT 0.417 ACCEPT
0 8.16 0.0000 0 .626 6.94 0. cooo 0.579 6.09 0.0000 0 .5 10
1 25 .4 1.16 1.55 2 0. 6 1.11 1.50 17.2 1.04 1.43
2 51.5 2.23 2.51 40.8 2. 19 2.46 33.0 2.11 2.38
3 86 .4 3.27 3.48 67. 6 3.22 3.43 53.7 3.15 3.36
4 130 4.29 4.47 ICI 4.24 4. 42 79.1 4.17 4.34

5 183 5.31 5.45 141 5. 26 5.40 109 5.18 5.33
6 244 6.32 6.45 187 6.27 6. 40 144 6.19 6.32
7 315 7.32 7.44 240 7.27 7.39 184 7.20 7.31
8 394 8.33 8.43 3CC 8.28 8.38 229 8.21 8.31
9 482 9.33 9.43 366 9.28 9. 38 278 9.21 9.30

10 579 1C.3 10.4 438 10.3 10. 4 332 10.2 10.3
11 685 11.3 11.4 517 11.3 11.4 391 11.2 11.3
12 800 12.3 12.4 603 12.3 12.4 455 12.2 12.3
13 924 13.3 13.4 695 13.3 13.4 524 13.2 13.3
14 1060 14.3 14.4 794 14.3 14.4 597 14.2 14.3

15 1200 15.3 15.4 899 15.3 15.4 675 15.2 15.3
16 13 50 16.4 16.4 1C1C 16.3 16. 4 758 16.2 16.3
17 1510 17.4 17.4 113C 17. 3 17.4 846 17.2 17.3
18 1670 18 .4 18.4 125C 18.3 18.4 939 18.2 18.3
19 1850 19.4 19.4 1390 19.3 19. 4 1040 19.2 19.3

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.80.

S = 2.0 S= 3. 0 S = 5.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

1.25 ACCEPT 3.75 ACCEPT
0 5.62 0.0000 0 .292 6.92 C.OOOO 0 . 0920
1 14.0 0.814 1.18 14.3 0. 627 0.942 21.9 ACCEPT
2 25.0 1.88 2.14 23. 9 1.65 1.89 29.0 1.26 I.4O
3 38 .7 2.91 3.11 35.6 2. 67 2.86 39.1 2.21 2.37
4 55.2 3.93 4.09 49.3 3. 69 3. 85 51.0 3.21 3.35

5 74 .3 4.94 5.08 65. 0 4. 70 4. 83 64.3 4.22 4.33
6 96.2 5.95 6.07 82. 7 5.70 5.82 79.2 5.22 5.32
7 121 6.95 7.06 102 6. 71 6. 82 95.4 6.22 6.32
8 148 7.96 8.06 124 7. 71 7. 81 113 7.22 7.31
9 178 8.96 9.05 148 8. 72 8. 80 132 8.23 8.31

10 211 9.97 1C.C 173 9. 72 9. 80 153 9.23 9.30
1 1 246 11.0 11.C 2C1 10.7 10. 8 175 10.2 10.3
12 284 12.0 12.C 231 11.7 11.8 198 11.2 11.3
13 325 12.0 13. C 263 12.7 12.8 223 12.2 12.3
14 369 14.0 14.C 296 13.7 13.8 249 13.2 13.3

15 415 15.0 15.C 332 14. 7 14.8 277 14.2 14.3
16 464 16.0 16.0 370 15.7 15.8 306 15.2 15.3
17 5 16 17.0 17.C 409 16.7 16. 8 337 16.2 16.3
18 570 18.0 18.C 451 17.7 17. 8 369 17.2 17.3
19 627 19.0 19.C 495 18.7 18. 8 402 18.2 18.3



96 À = 0.80. Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.80.

S = 7.C S = 10.0

c M SAMPL E SIZE M SAMPLE SI ZE

53.3 ACCEPT
4 63 .3 2.76 2.85

5 75.5 3.74 3.84
6 89 .3 4.74 4.83 138 ACCE PT
7 104 5.74 5.82 143 5. 05 5. 07
8 121 6.74 6.81 157 6. 01 6. 06
9 139 7.74 7.81 174 7. 00 7. 06

10 157 8.74 8.80 192 8. 00 8. 05
1 1 178 9.74 9.80 211 9. 00 9. 05
12 199 1C.7 10.8 231 1 0. 0 10.0
13 221 11.7 11.8 252 11.0 11.0
14 245 12.7 12.8 275 12.0 12. 0

15 2 70 13.7 13.8 298 13.0 13. 0
16 296 14.7 14.8 323 14. 0 14. 0
17 323 15.7 15.8 348 15. 0 15. 0
18 351 16.7 16.8 375 16.0 16. 0
19 381 17.7 17.8 402 17.0 17. 0

À = 0.90.
SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.90.

S= 0.1 S = 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.0125 ACCEPT 0.0253 ACCEPT 0.0383 ACCEPT
0 25.8 O.COOO 0 .736 14. 6 C.0000 0.723 10.8 0.0000 0 .711
1 92.6 1.27 1.66 49. 8 1.26 1.65 35.6 1.25 1 .64
2 200 2.34 2.62 106 2.33 2. 61 74.0 2.32 2.60
3 348 3.38 3.60 182 3. 37 3. 59 126 3.36 3.57
4 536 4.40 4.58 278 4.39 4-57 192 4.38 4.56

5 765 5.42 5.57 395 5.41 5. 56 272 5.40 5.55
6 1030 6.43 6.56 532 6. 42 6.55 365 6.41 6.54
7 13 40 7.44 7.55 69C 7.42 7. 54 472 7.41 7.53
8 1690 8.44 8.54 868 8.43 8. 53 593 8.42 8.52
9 20 80 9.45 9.54 1C7C 9.44 9. 53 728 9.42 9.52

10 25 10 1C.5 10. 5 129C 10.4 10. 5 876 10.4 10 .5
11 2990 11.5 11.5 153C 11.4 11.5 1040 11.4 11.5
12 3500 12.5 12.5 179C 12.4 12. 5 1210 12.4 12.5
13 4050 13.5 13.5 2C7C 13.4 13.5 1400 13.4 13.5
14 4640 14.5 14.5 2370 14.4 14. 5 1610 14.4 14.5

15 5270 15.5 15.5 269C 15.5 15. 5 1820 15-4 15.5
16 5950 16.5 16.5 3030 16.5 16. 5 2050 16.4 16.5
17 6660 17.5 17.5 339C 17.5 17. 5 2300 17.4 17.5
18 7 4 20 18.5 18.5 377C 18.5 18. 5 2560 18.4 18 .5
19 82 10 19.5 19.5 4180 1 9. 5 19. 5 2830 19 .4 19.5



Nr. 7 À = 0.90. 97

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.90.

S= C.5 S = 0.7 S= 1.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 .0654 ACCEPT C.C937 ACCEPT 0.139 ACCEPT
0 7.86 0.C000 0 .687 6.59 0.0000 0.664 5.65 0.0000 0 .631
1 24.2 1.23 1.61 19. 3 1.21 1. 59 15.7 1.18 1.56
2 48 .9 2.30 2.58 38. 1 2.28 2.55 30.1 2.25 2.52
3 81 .9 3.34 3.55 63.0 3. 32 3.53 48.8 3.29 3.49
4 123 4.36 4.53 93-9 4. 34 4. 51 71.8 4.31 4.48

5 173 5.37 5.52 131 5. 35 5.50 99.2 5.32 5.47
6 231 6.38 6.51 174 6.36 6.49 131 6.33 6.46
7 298 7.39 7.51 223 7.37 7.48 167 7.34 7.45
8 373 8.40 8.50 278 8. 38 8.48 207 8.34 8.44
9 456 9.40 9.50 340 9. 38 9.47 252 9.35 9 .44

10 548 1C.4 1C.5 407 10.4 10.5 301 10 .4 10.4
11 648 11.4 11.5 480 11.4 11.5 354 11.4 11-4
12 756 12.4 12.5 560 12.4 12.5 412 12.4 12.4
13 873 13.4 13.5 645 13.4 13. 5 474 13.4 13.4
14 998 14.4 14.5 737 14.4 14.5 541 14.4 14.4

15 1130 15.4 15.5 835 15.4 15.5 611 15.4 15.4
16 1270 16.4 16.5 939 16.4 16. 5 686 16.4 16.4
17 1420 17.4 17.5 1050 17.4 17. 5 766 17.4 17.4
18 1580 18.4 18.5 1160 18.4 18. 5 850 18 .4 18.4
19 1750 19.4 19.5 1290 19.4 19.4 938 19.4 19.4

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.90.

S = 2.0 S = 3. 0 S = 5.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0.318 ACCEPT 0. 556 ACCEPT 1.39 ACCEPT
0 4*64 o.oooo 0 .527 4.44 C.0000 0.428 4.76 0.0000 0 .240
1 11.7 1.C7 1.45 1C. 6 0. 973 1. 34 10.3 0 .779 1.12
2 21 .0 2.15 2.41 18.2 2.04 2.30 16.8 1.84 2.07
3 32.5 3.18 3.38 27.5 3.08 3.27 24.4 2.87 3.05
4 46.4 4.20 4.37 38.3 4. 09 4.26 32.9 3.88 4.0 3

5 62 .5 5.21 5.35 5C. 8 5.11 5.24 42.5 4.89 5.02
6 81 .0 6.22 6.35 64. 8 6.11 6.23 53.1 5.90 6.01
7 102 7.23 7.34 8C.4 7.12 7.23 64.7 6.90 7 .0 1
8 125 8.23 8.33 97.6 8.13 8.22 77.3 7.91 8 .00
9 150 9.24 9.33 116 9. 13 9.2 2 91.0 8.91 9.00

10 178 1C.2 1C.3 137 10.1 10. 2 106 9.91 9 .99
11 207 11.2 11.3 159 11.1 11.2 121 10 .9 11.0
12 2 40 12.2 12.3 182 12.1 12.2 138 11.9 12.0
13 274 13.2 13.3 207 13.1 13.2 156 12.9 13.0
14 311 14.3 14.3 234 14. 1 14.2 175 13.9 14.0

15 3 50 15.3 15.3 263 15. 1 15.2 194 14.9 15.0
16 391 16.3 16.3 293 16. 1 16.2 215 15.9 16 .0
17 435 17.3 17.3 324 17.1 17.2 237 16.9 17 .0
18 480 18.3 18.3 357 18.1 18.2 260 17.9 18 .0
19 5 29 19.3 19.3 392 19. 1 19.2 284 18.9 19.0



98 À = 0.90. Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 0.90.

S = 7.0 S=10. 0 S=20.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

3.89 ACCEPT
0 6.12 0.0000 0. 0660 13. 1 ACCE PT
1 11.2 0.630 0 • 9C6 14.6 0. 534 0.577
2 17.3 1.64 1.86 20. 0 1.36 1.52
3 24.2 2.66 2.83 26.4 2.35 2.50
4 31.9 3.67 3.81 33. 6 3. 35 3.48

5 40.3 4.68 4.8C 41.3 4.36 4.47 73.7 ACCEPT
6 49 .6 5.68 5.79 49.6 5. 36 5.46 74.3 4.34 4.34
7 59.6 6.69 6.78 58.6 6. 36 6.45 81.5 5.29 5.34
8 70.3 7.69 7.78 68. 1 7. 36 7. 44 89.4 6.28 6.33
9 81 .9 8 .69 8.77 78.2 8. 37 8.44 98.0 7.28 7.33

10 94.2 9.70 9.77 88. 9 9. 37 9.44 107 8.28 8.33
11 107 1C.7 1C.8 ICC 10.4 10.4 116 9.28 9.32
12 121 11.7 11.8 112 11.4 11.4 126 10.3 10.3
13 136 12.7 12.8 125 12.4 12.4 137 11.3 11.3
14 151 13.7 13.8 138 13.4 13.4 148 12.3 12.3

15 168 14.7 14.8 151 14.4 14.4 159 13.3 13.3
16 185 15.7 15.8 165 15.4 15.4 170 14.3 14.3
17 202 16.7 16.8 180 16.4 16.4 182 15.3 15.3
18 221 17.7 17.8 196 17.4 17.4 194 16.3 16.3
19 240 18.7 18.8 212 18.4 18. 4 207 17.3 17.3

À = 1.00.
SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 1.00.

S = 0.1 S = 0.2 S= 0.3

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 25.6 0.0000 0.746 14.4 0.0000 0. 743 10.6 0.0000 0 .741
1 91.8 1.28 1.67 49.0 1.28 1.67 34.7 1.28 1.67
2 198 2.35 2.63 104 2.35 2.63 72.1 2.36 2.63
3 344 3.39 3.61 178 3.39 3. 61 123 3.39 3.61
4 531 4.41 4.59 273 4. 41 4.59 1B7 4.41 4.59

5 757 5.43 5.58 388 5.43 5. 58 264 5.43 5.58
6 10 20 6.44 6.57 522 6. 44 6. 57 355 6.44 6.57
7 1330 7.45 7.56 677 7.45 7.56 459 7.45 7.56
8 1680 8.45 8.56 852 8. 45 8.56 577 8 .45 8.56
9 20 60 9.46 9.55 1050 9. 46 9. 55 708 9.46 9.55

10 2490 1C .5 1C. 5 126C 10.5 10. 5 852 10.5 10 .5
11 2960 11.5 11.5 1500 11.5 11.5 1010 11.5 11.5
12 3 4 60 12.5 12.5 1750 12.5 12. 5 1180 12.5 12.5
13 40 10 13.5 13.5 2C2C 13.5 13.5 1360 13.5 13.5
14 4 5 90 14.5 14.5 232C 14.5 14. 5 1560 14.5 14.5

15 5220 15.5 15.5 263C 15.5 15. 5 1770 15.5 15.5
16 5890 16.5 16.5 297C 16.5 16-5 2000 16.5 16.5
17 6590 17.5 17.5 3320 17. 5 17. 5 2230 17.5 17.5
18 7 3 40 18.5 18.5 3700 18.5 18. 5 2480 18.5 18 .5
19 8 130 19.5 19.5 4C9C 19.5 19. 5 2750 19.5 19.5



Nr. 7 Ä = 1.00. 99

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 1.00.

S = 0.5 S = 0.7 S = 1.0

c M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZE

0 7.65 0.0000 0.736 6. 36 0.0000 0.733 5.40 0.0000 0 .730
1 23.3 1.28 1.67 18.4 1.28 1.66 14.7 1.29 1.66
2 47.0 2.36 2.63 36.2 2.36 2.63 28.1 2.36 2.63
3 78 .6 3.39 3.61 59.6 3.39 3.60 45.4 3.40 3 .60
4 118 4.42 4.59 88.8 4. 42 4.59 66.7 4.42 4.59

5 166 5.43 5.58 124 5. 43 5. 58 92.1 5.43 5.58
6 222 6.44 6.57 164 6.44 6. 57 121 6.44 6.57
7 285 7.45 7.56 211 7.45 7.56 155 7.45 7.56
8 3 57 8.45 8.56 263 8.45 8. 55 192 8.45 8.55
9 437 9.46 9.55 32C 9. 46 9.55 233 9.46 9.55

10 524 1C.5 10.5 384 10. 5 10.5 279 10.5 10 .5
11 620 11.5 11.5 453 11.5 11.5 328 11.5 11.5
12 724 12.5 12.5 528 12.5 12. 5 381 12.5 12.5
13 835 13.5 13.5 609 13.5 13.5 439 13.5 13.5
14 955 14.5 14.5 695 14. 5 14. 5 500 14.5 14.5

15 1080 15.5 15.5 787 15. 5 15. 5 565 15.5 15.5
16 1220 16.5 16.5 885 16.5 16. 5 635 16.5 16.5
17 1360 17.5 17.5 988 17.5 17.5 708 17.5 17.5
18 1510 18.5 18.5 HOC 18. 5 18. 5 785 18.5 18.5
19 1670 19.5 19.5 121C 19.5 19. 5 867 19 .5 19.5

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 1.00.

S= 2.C S= 3.0 S’ 5.0

C M SAMPL E SIZE M SAMPLE SI ZE M SAMPLE S IZ E

0 4.28 0.0000 0.723 3.90 0.0000 0.720 3.60 0.0000 0 .716
1 10 .4 1-29 1.66 9.C2 1.29 1.65 7.88 1.29 1.65
2 18.6 2.36 2.62 1 5. 5 2.36 2.62 12.9 2.37 2.6 1
3 28 .8 3.40 3.60 23.2 3.40 3. 60 18.8 3.40 3.59
4 41.0 4.42 4.58 32.4 4. 42 4.5 8 25.5 4.42 4.58

5 55.1 5.43 5.57 42. 8 5.43 5. 57 32.9 5.43 5.57
6 71.3 6.44 6.57 54. 6 6. 44 6.56 41.2 6.44 6.56
7 89 .5 7.45 7.56 67.7 7. 45 7.56 50.3 7.45 7.56
8 1 10 8.45 8.55 82. 1 8.45 8.55 60.1 8.46 8.55
9 132 9.46 9.55 97. 9 9.46 9. 55 70.8 9.46 9.55

10 156 1C .5 1C.5 115 10.5 10. 5 82.3 10 .5 10.5
11 182 11.5 11.5 133 11.5 11.5 94.5 11.5 11.5
12 210 12.5 12.5 153 12. 5 12. 5 108 12.5 12.5
13 240 13.5 13.5 174 13.5 13. 5 121 13.5 13.5
14 273 14-5 14. 5 197 14.5 14. 5 136 14.5 14.5

15 307 15.5 15.5 221 15. 5 15.5 152 15.5 15.5
16 343 16.5 16.5 246 16.5 16. 5 168 16.5 16.5
17 381 17.5 17.5 272 17.5 17. 5 185 17.5 17.5
18 421 18.5 18.5 3CC 18.5 18. 5 2 03 18.5 18 .5
19 463 19.5 19.5 329 19.5 19.5 221 19.5 19.5



100 À = 1.00, Nr. 7

SINGLE SAMPLING TABLES FOR GAMMA PRIOR WITH MEAN 1.00.

S = 7.C S=10.0 S=20.0

C M SAMPL E SIZE M SAMPLE SI ZE M MPLE SIZE

0 3.47 O.CCCO 0.714 3.37 C.0000 0.713 3.26 0.U0ÜÜ 0 .711
1 7.39 1.29 1.65 7.02 1.30 1.64 6.59 1.30 1 .64
2 1 1 .9 2.37 2.61 11.1 2.37 2.61 10.1 2.37 2.6 1
3 16.9 3.40 3.59 1 5. 5 3. 40 3.59 13.8 3.41 3.59
4 22.5 4.42 4.58 2C. 3 4.42 4.5 8 17.7 4.43 4.57

5 28 .7 5.44 5.57 25. 6 5. 44 5. 57 21.9 5.44 5.56
6 35.5 6.44 6.56 31.2 6. 45 6.56 26.2 6.45 6.56
7 42 .8 7.45 7.55 37-2 7. 45 7.55 30.7 7.45 7.55
8 50 .7 8.46 8.55 43. 7 8. 46 8.55 35.4 8.46 8.55
9 59.2 9.46 9.55 5C.5 9. 46 9. 54 40.3 9.46 9.54

10 68.2 10.5 10.5 57. 7 10. 5 10. 5 45.4 10.5 10 .5
11 77 .9 11.5 11.5 65. 4 11.5 11. 5 50.8 11.5 11.5
12 88.1 12.5 12.5 73.4 12. 5 12. 5 56.3 12.5 12.5
13 98 .8 13.5 13.5 81.8 13.5 13.5 62.0 13.5 13.5
14 110 14.5 14.5 90. 7 14.5 14. 5 67.9 14.5 14.5

15 122 15.5 15.5 99. 9 15.5 15. 5 74.0 15.5 15.5
16 135 16.5 16.5 110 16.5 16. 5 80.3 16.5 16.5
17 148 17.5 17.5 120 17.5 17. 5 86.9 17.5 17.5
18 161 18.5 18.5 13C 18.5 18. 5 93.6 18 .5 18 .5
19 175 19.5 19.5 141 1 9. 5 19. 5 100 19.5 19.5

rndleveret til Selskabet den 29. oktober 1970.
Færdig fra trykkeriet den 15. juni 1971. 
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